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Abstract

This paper is concerned with the development and analysis of a new stabilized finite element method based on two local Gauss inte-
grations for the two-dimensional transient Navier–Stokes equations by using the lowest equal-order pair of finite elements. This new
stabilized finite element method has some prominent features: parameter-free, avoiding higher-order derivatives or edge-based data
structures, and stabilization being completely local at the element level. An optimal error estimate for approximate velocity and pressure
is obtained by applying the technique of the Galerkin finite element method under certain regularity assumptions on the solution. Com-
pared with other stabilized methods (using the same pair of mixed finite elements) for the two-dimensional transient Navier–Stokes equa-
tions through a series of numerical experiments, it is shown that this new stabilized method has better stability and accuracy results.
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1. Introduction

The development of stable mixed finite element methods
is a fundamental component in the search for efficient
numerical methods for solving the Navier–Stokes equa-
tions governing the flow of an incompressible fluid in terms
of their primitive variable formulation. The importance of
ensuring the compatibility of the component approxima-
tions for velocity and pressure by satisfying an inf-sup con-
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dition is widely understood. Numerous mixed finite
elements satisfying this condition have been proposed over
the past years. However, mixed elements that do not satisfy
this condition (termed unstable) may also work well. Some
of the unstable elements are very attractive and useful on
many occasions. In particular, the equal-order pairs of
mixed finite elements for the velocity and pressure are of
practical importance in scientific computation because they
are computationally convenient and efficient in a parallel
or multigrid context [26]. Hence much attention has been
recently paid to the study of the equal-order pairs of mixed
finite elements.

In order to use the equal-order pairs of mixed finite ele-
ments, a popular strategy is to introduce stabilization or
penalty techniques to enforce the inf-sup compatibility con-
dition [4,6,8,11,13,19,21,24]. A common drawback in these
stabilization techniques is, however, that stabilization
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parameters are necessarily incurred either explicitly or
implicitly. In addition, some of these techniques are condi-
tionally stable and are of suboptimal accuracy, depending
upon the choice of the stabilization parameters with respect
to the solution regularity [4,21]. Thus the development of
mixed finite elements free of stabilization parameters has
become increasingly important.

Stabilized mixed finite element methods are often devel-
oped using residuals of the momentum equation [3,11].
These residual terms must be formulated using mesh-
dependent parameters, whose optimal values are usually
unknown. Particularly, for the lowest equal-order pairs of
mixed elements such as P1 � P1 and Q1 � Q1, pressure
and velocity derivatives in the residual either vanish or
are poorly approximated, causing difficulties in the applica-
tion of consistent stabilization. Other stabilized mixed
methods involve non-residual stabilization. Examples
include local and global pressure jump formulations where
the continuity equation is relaxed using the jumps of pres-
sure across element interfaces [23,25]. This stabilization
strategy requires edge-based data structures and a subdivi-
sion of grids into patches.

Regularization of a discrete Stokes formulation has been
recently developed to overcome the problem of incompati-
ble mixed approximations [20]. The central idea of this reg-
ularization in this article is to use two local Gauss
integrations (the difference between the consistent and
under-integrated Gauss integration) in the discrete formu-
lation. Unlike penalty methods [5,12,14,22] to decouple
pressure and velocity, this regularization aims to relax the
continuity equation to enforce the inf-sup condition in
incompatible mixed spaces. It does not require an approx-
imation of derivatives and a specification of mesh-depen-
dent parameters, and it always leads to symmetric
problems. In addition, it is completely local at the element
level, and no edge-based data structure is required. Conse-
quently, the new stabilized method under consideration can
be integrated in existing codes with very little additional
coding effort.

This paper aims to extend the stabilized finite element
method for the Stokes equations [20] to the two-dimen-
sional transient Navier–Stokes equations. Using two local
Gauss integral approximation, we first define this stabilized
method for the lowest equal-order pair of mixed finite ele-
ments such as P1 � P1 or Q1 � Q1. Then we show its well-
posedness and derive optimal error estimates. The results
indicate that this method has a convergence rate of the
same order as the usual Galerkin finite element method
using the same pair of finite elements. Finally, we numeri-
cally compare this new method with other numerical meth-
ods such as the standard Galerkin method, penalty
methods, the regular (Galerkin least squares-GLS) method,
the multiscale enrich method, and the stable finite element
P2 � P1 or mini-element P1b � P1 methods. Numerical
experiments show that the new method does not suffer
the difficulties that arise when unstructured mesh must be
used in other stabilized finite element methods for the
two-dimensional transient Navier–Stokes problems, and
it is superior to the other stabilized methods compared in
terms of stability and convergence.

The remainder of this paper is organized as follows. In
the next section, an abstract functional setting for the
two-dimensional Navier–Stokes equations is given,
together with some basic notation. The stabilized finite ele-
ment method is stated in Section 3. Error estimates for the
stabilized finite element solution are derived in Sections 4
and 5. In Section 6, a series of numerical experiments are
given to illustrate the theoretical results. We conclude with
a few remarks in the final section.

2. Function settings

Let X be a bounded domain in R2, with a Lipschitz-con-
tinuous boundary C, satisfying a further condition stated in
(A1) below. The transient Navier–Stokes equations are

ut � mDuþrp þ ðu � rÞuþ 1

2
ðdiv uÞu ¼ f ; div u ¼ 0;

ðx; tÞ 2 X� ð0; T �; ð2:1Þ
uðx; 0Þ ¼ u0ðxÞ; x 2 X; uðx; tÞjC ¼ 0; t 2 ½0; T �; ð2:2Þ

where u = u(x, t) = (u1(x,t), u2(x,t)) represents the velocity
vector, p = p(x,t) the pressure, f = f(x,t) the prescribed
body force, m > 0 the viscosity, T > 0 the final time, and
ut ¼ ou

ot. The term (div u)u/2 is introduced to ensure the dis-
sipativity of Eq. (2.1) [27].

To introduce a variational formulation, set

X ¼ H 1
0ðXÞ

� �2
; Y ¼ ðL2ðXÞÞ2;

M ¼ L2
0ðXÞ ¼ q 2 L2ðXÞ;

Z
X

qdx ¼ 0

� �
;

V ¼ fv 2 X : div v ¼ 0g; DðAÞ ¼ ðH 2ðXÞÞ2 \ V :

As noted, a further assumption on X is needed:
(A1) Assume that X is regular in the sense that the

unique solution (v,q) 2 (X,M) of the steady Stokes problem

�Dvþrq ¼ g; div v ¼ 0 inX; vjoX ¼ 0

for a prescribed g 2 Y exists and satisfies

kvk2 þ kqk1 6 ckgk0;

where c > 0 is a constant depending only on X and k Æ ki de-
notes the usual norm of the Sobolev space Hi(X) or
(Hi(X))2 for i = 0,1,2. Below the constant c > 0 will depend
at most on the data (m, T, u0, X).

We denote by (Æ,Æ) and k Æ k0 the inner product and norm
on L2(X) or (L2(X))2, as appropriate. The spaces H 1

0ðXÞ and
X are equipped with their usual scalar product and norm

ððu; vÞÞ ¼ ðru;rvÞ; kuk1 ¼ ððu; uÞÞ
1=2
:

(Due to the norm equivalence between kuk1 and k$uk0 on
H 1

0ðXÞ, we are using the same notation for them.) It is well
known that for each v 2 X there hold the following
inequalities:
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kvkL4 6 21=4kvk1=2
0 kvk

1=2
1 ; kvk0 6 ckvk1; ð2:3Þ

where c is a positive constant depending only on X and
kvkL4 ¼

R
X v4dx

� �1=4
.

(A2) The initial velocity u0 2 D(A) and the body force
f(x,t) 2 L2(0,T;Y) are assumed to satisfy

ku0k2 þ
Z T

0

kf k2
0 þ kftk2

0

� �
dt

� 	1=2

6 c:

The continuous bilinear forms a(Æ,Æ) on X · X and d(Æ,Æ)
on X · M are, respectively, defined by

aðu; vÞ ¼ mððu; vÞÞ 8u; v 2 X ;

dðv; qÞ ¼ �ðv;rqÞ ¼ ðq; div vÞ 8v 2 X ; q 2 M ;

and the generalized bilinear form on (X,M) · (X,M) is gi-
ven by

Bððu; pÞ; ðv; qÞÞ ¼ aðu; vÞ � dðv; pÞ þ dðu; qÞ:

Then there hold the following estimates for the bilinear
term B((Æ,Æ);(Æ,Æ)) [5,14]:

jBððu; pÞ; ðu; pÞÞ ¼ mkuk2
1; ð2:4Þ

jBððu; pÞ; ðv; qÞÞj 6 cðkuk1 þ kpk0Þðkvk1 þ kqk0Þ; ð2:5Þ

b0ðkuk1 þ kpk0Þ 6 sup
ðv;qÞ2ðX ;MÞ

jBððu; pÞ; ðv; qÞÞj
kvk1 þ kqk0

; ð2:6Þ

for all (u,p), (v,q) 2 (X,M), where the constant b0 > 0 is
independent of h.

Also, the trilinear term b(Æ, Æ ,Æ) on X · X · X is defined
by

bðu; v;wÞ ¼ ððu � rÞv;wÞ þ 1

2
ððdiv uÞv;wÞ

¼ 1

2
ððu � rÞv;wÞ � 1

2
ððu � rÞw; vÞ 8u; v;w 2 X :

It satisfies

bðu; v;wÞ ¼ �bðu;w; vÞ; jbðu; v;wÞj þ jbðw; v; uÞj
þ jbðu;w; vÞj ð2:7Þ

6 ckuk1=2
0 kuk

1=2
1 kvk1kwk

1=2
0 kwk

1=2
1 þ kvk

1=2
0 kvk

1=2
1 kwk1

� �
;

ð2:8Þ

for all u, v, w 2 X, and

jbðu; v;wÞj þ jbðv; u;wÞj þ jbðw; u; vÞj
6 ckuk1kvk2kwk0; ð2:9Þ

for all u 2 X,v 2 D(A),w 2 Y.
The mixed variational form of (2.1) and (2.2) is to seek

(u,p) 2 (X,M), t > 0, such that, for all (v,q) 2 (X,M),

ðut; vÞ þ Bððu; pÞ; ðv; qÞÞ þ bðu; u; vÞ ¼ ðf ; vÞ; ð2:10Þ
uð0Þ ¼ u0: ð2:11Þ

For convenience, we recall the Gronwall Lemma that
will be frequently used.
Lemma 2.1. ([22]). Let g(t), ‘(t), and n(t) be three

nonnegative functions satisfying, for t 2 [0,T],

nðtÞ þ GðtÞ 6 cþ
Z t

0

‘ dsþ
Z t

0

gn ds;

where G(t) is a nonnegative function on [0,T]. Then

nðtÞ þ GðtÞ 6 cþ
Z t

0

‘ds
� 	

exp

Z t

0

gds
� 	

: ð2:12Þ

The following result concerning the existence, unique-
ness, and regularity of a global strong solution to the
Navier–Stokes equations is presented under the assump-
tions (A1) and (A2).

Lemma 2.2. ([17]). Assume that (A1) and (A2) hold. Then,

for any given T > 0 there exists a unique solution (u,p)

satisfying the following regularities:
sup
0<t6T

kuðtÞk2
2 þ kpðtÞk

2
1 þ kutðtÞk2

0

� �
6 c; ð2:13Þ

sup
0<t6T

sðtÞkutk2
1 þ

Z T

0

sðtÞ kutk2
2 þ kptk

2
1 þ kuttk2

0

� �
dt 6 c;

ð2:14Þ

where s(t) = min{1,t}.

3. Stabilized finite element method

For h > 0, we introduce finite-dimensional subspaces
(Xh,Mh) � (X,M), which are associated with Kh, a triangu-
lation of X into triangles or quadrilaterals, assumed to be
regular in the usual sense [9,10]. We assume that for the
finite element spaces (Xh,Mh), the following approximation
properties hold: For (v,q) 2 (D(A), H1(X) \M), there exist
approximations Ihv 2 Xh and qhq 2Mh such that

kv� Ihvk0 þ hkv� Ihvk1 6 ch2kvk2; ð3:1Þ

kq� qhqk0 þ hkq� qhqk1 6 chkqk1; ð3:2Þ

where the L2-projection qh:M!Mh satisfies

ðp � qhp; qhÞ ¼ 0 8p 2 M ; qh 2 Mh:

We also assume that the inverse inequality holds [9,10]

krvhk0 6 ch�1kvhk0 8vh 2 X h: ð3:3Þ
This paper focuses on the analysis for the unstable veloc-

ity-pressure pair of the lowest equal-order finite elements:

X h ¼ fvh 2 C0ðXÞ2 \ X : vhjK 2 R1ðKÞ28K 2 Khg
and

Mh ¼ fqh 2 C0ðXÞ \M : qhjK 2 R1ðKÞ8K 2 Khg;
where R1(K) = Q1(K) if K is quadrilateral and
R1(K) = P1(K) if K is triangular.

It is well known that this lowest equal-order finite ele-
ment pair does not satisfy the inf-sup condition. We define
the following local difference between a consistent and
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an under-integrated mass matrices the stabilized formula-
tion [20]

Gðph; qhÞ ¼ pT
i ðMk �M1Þqj ¼ pT

i Mkqj � pT
i M1qj:

Here, we set

pT
i ¼ ½p0; p1; . . . ; pN�1�

T
; qj ¼ ½q0; q1; . . . ; qN�1�;

Mij ¼ ð/i;/jÞ; ph ¼
XN�1

i¼0

pi/i;

pi ¼ phðxiÞ; 8ph 2 Mh; i; j ¼ 0; 1; . . . N � 1;

where /i is the basis function of the pressure on the domain
X such that its value is one at node xi and zero at other
nodes; the symmetric and positive Mk,k P 2 and M1 are
pressure mass matrix computed by using k-order and 1-or-
der Gauss integrations in each direction, respectively; Also,
pi and qi, i = 0,1 . . ., N � 1 are the value of ph and qh at the
node xi. pT

i is the transpose of the matrix pi.
Let Ph:M! R0 be the standard L2-projection with the

following properties [20]:
ðp; qhÞ ¼ ðPhp; qhÞ 8p 2 M ; qh 2 R0; ð3:4Þ

kPhpk0 6 ckpk0 8p 2 M ; ð3:5Þ

kp �Phpk0 6 chkpk1 8p 2 H 1ðXÞ \M ; ð3:6Þ
where R0 = {qh 2M:qhjK is a constant, "K 2 Kh}. Then we
can rewrite the bilinear form G(Æ,Æ) by

Gðp; qÞ ¼ ðp �Php; q�PhqÞ: ð3:7Þ
Remark. The bilinear form G(Æ,Æ) in (3.7) is a symmetric,
semi-positive definite form generated on each local set K.
This term can alleviate and offset the inf-sup condition.
Some details will be explained in Theorem 3.1.
Using the above notation, the variational stabilized for-
mulation of problem (2.10) and (2.11) reads: Find
(uh,ph) 2 (Xh,Mh), t 2 [0,T], such that, for all (vh,qh) 2
(Xh,Mh),

ðuht; vhÞ þBððuh; phÞ; ðvh; qhÞÞ þ bðuh; uh; vhÞ ¼ ðf ; vhÞ; ð3:8Þ
uhð0Þ ¼ u0h; ð3:9Þ

where u0h is an approximation of u0, and

Bððuh;phÞ;ðvh;qhÞÞ¼ aðuh;vhÞ�dðvh;phÞþdðuh;qhÞþGðph;qhÞ;

is the new stabilized bilinear form. The following theorem
establishes the weak coercivity of (3.8) for the equal-order
finite element pair R1 � R1 (see [20]).
Theorem 3.1. Let (Xh,Mh) be defined as above. Then there

exists a positive constant b, independent of h, such that
jBððu; pÞ; ðv; qÞÞj 6 cðkuk1 þ kpk0Þðkvk1 þ kqk0Þ

8ðu; pÞ; ðv; qÞ 2 ðX ;MÞ; ð3:10Þ

bðkuhk1 þ kphk0Þ 6 sup
ðvh;qhÞ2ðX h;MhÞ

jBððuh; phÞ; ðvh; qhÞÞj
kvhk1 þ kqhk0

8ðuh; phÞ 2 ðX h;MhÞ; ð3:11Þ

jGðp; qÞj 6 ckp �Phpk0kq�Phqk0 8p; q 2 M : ð3:12Þ
4. Error analysis

To derive error estimates for the finite element solution
(uh,ph), we also define the projection operator (Rh,Qh):
(X,M)! (Xh,Mh) by
BððRhðv; qÞ;Qhðv; qÞÞ; ðvh; qhÞÞ ¼ Bððv; qÞ; ðvh; qhÞÞ

8ðv; qÞ 2 ðX ;MÞ; ðvh; qhÞ 2 ðX h;MhÞ; ð4:1Þ
which are well defined and satisfy the following approxima-
tion properties:

Lemma 4.1. Under the assumptions of Theorem 3.1, the

projection operator (Rh,Qh) satisfies

kv� Rhðv; qÞk1 þ kq� Qhðv; qÞk0 6 cðkvk1 þ kqk0Þ; ð4:2Þ
for all (v, q) 2 (X, M) and

kv� Rhðv; qÞk0 þ hðkv� Rhðv; qÞk1 þ kq� Qhðv; qÞk0Þ
6 ch2ðkvk2 þ kqk1Þ; ð4:3Þ

for all (v, q) 2 (D(A),H1(X) \M).

Proof. First, using the triangle inequality, (2.5), (3.10)–
(3.12) and (4.1) gives
kv� Rhðv; qÞk1 þ kq� Qhðv; qÞk0

6 kvk1 þ kqk0 þ kRhðv; qÞk1 þ kQhðv; qÞk0

6 kvk1 þ kqk0 þ b�1 sup
ðvh ;qhÞ2ðX h ;MhÞ

BððRhðv; qÞ;Qhðv; qÞÞ; ðvh; qhÞÞ
kvhk1 þ kqhk0

6 kvk1 þ kqk0 þ b�1 sup
ðvh ;qhÞ2ðX h ;MhÞ

Bððv; qÞ; ðvh; qhÞÞ
kvhk1 þ kqhk0

6 cðkvk1 þ kqk0Þ: ð4:4Þ
Then we see from the definition of (Rh,Qh), the triangle
inequality, and (3.10)–(3.12) that
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kv� Rhðv; qÞk1 þ kq� Qhðv; qÞk0

6 kv� Ihvk1 þ kq� qhqk0 þ kIhv� Rhðv; qÞk1

þ kqhq� Qhðv; qÞk0 6 kv� Ihvk1 þ kq� qhqk0

þ b�1 sup
ðvh ;qhÞ2ðX h ;MhÞ

jBððIhv� Rhðv; qÞ; qhq� Qhðv; qÞÞ; ðvh; qhÞÞj
kvhk1 þ kqhk0

6 kv� Ihvk1 þ kq� qhqk0

þ b�1 sup
ðvh ;qhÞ2ðX h ;MhÞ

jBððIhv� v; qhq� qÞ; ðvh; qhÞÞj þ jGðq; qhÞj
kvhk1 þ kqhk0

6 cðkv� Ihvk1 þ kq� qhqk0Þ

þ b�1 sup
ðvh ;qhÞ2ðX h ;MhÞ

jGðq; qhÞj
kvhk1 þ kqhk0

6 chðkvk2 þ kqk1Þ:

ð4:5Þ
To derive the estimate in the L2-norm, we consider the dual
linearized problem for (U,W) 2 X · M satisfying

Bððw; rÞ; ðU;WÞÞ ¼ ðw; v� Rhðv; qÞÞ 8ðw; rÞ 2 X �M ;

ð4:6Þ
which satisfies

kUk2 þ kWk1 6 ckv� Rhðv; qÞk0: ð4:7Þ
Obviously, using (3.2) and (4.5) and setting (w,r) =
(e,g) = (v � Rh(v,q),q � Qh(v,q)) in (4.6) and (vh,qh) =
(IhU,qhW) in (4.1), respectively, we see that

kek2
0 ¼ Bððe; gÞ; ðU� IhU;W� qhWÞÞ
þ Gðq; qhWÞ � Gðg;WÞ
6 cðkek1 þ kgk0ÞðkU� IhUk1 þ kW� qhWk0Þ
þ Gðq; qhW�WÞ þ Gðq;WÞ � Gðg;WÞ
6 chfðkek1 þ kgk0ÞðkUk2 þ kWk1Þ þ hkqk1kWk1g
6 chðkek1 þ kgk0 þ hkqk1ÞðkUk2 þ kWk1Þ: ð4:8Þ

Thus, by combining (4.8) with (4.7) and using (4.5), we
deduce

kv� Rhðv; qÞk0 6 ch2ðkvk2 þ kqk1Þ;

which, together with (4.5), yields (4.3). h

Due to u0 2 D(A), we can define p0 2 H1(X) \M (see
[17]). Now, we define (u0h,p0h) = (Rh(u0,p0),Qh(u0,p0)).

Lemma 4.2. Under the assumptions of Lemma 2.2 and

Theorem 3.1, it holds that, for t 2 [0,T],

kuhðtÞk2
0þ
Z t

0

mkuhk2
1þGðph;phÞ

� �
ds6 c; ð4:9Þ

mkuhðtÞk2
1þGðphðtÞ;phðtÞÞþ

Z t

0

kuhtk2
0ds6 c; ð4:10Þ

kuðtÞ�uhðtÞk2
0þ
Z t

0

mku�uhk2
1þGðp�ph;p�phÞ

� �
ds6 ch2:

ð4:11Þ

Proof. Taking (v,q) = 2(uh,ph) in (3.8) and using (2.7) and
the definition of Bð�; �Þ, we have
d
dt
kuhk2

0 þ 2mkuhk2
1 þ 2Gðph; phÞ 6 mkuhk2

1 þ m�1c2kf k2
0:
Integrating the above inequality from 0 to t and noting
kuhð0Þk0 6 ku0k0 þ ku0 � Rhðu0; p0Þk0 6 cðku0k1 þ kp0k0Þ;

we obtain (4.9).
Subtracting (3.8) from (2.10) with (v,q) = (vh,qh), we

have

ðut � uht; vhÞ þBððu� uh; p � phÞ; ðvh; qhÞÞ þ bðE þ eh; u; vhÞ

þ bðuh;E þ eh; vhÞ ¼ Gðp; qhÞ; ð4:12Þ

for all (vh,qh) 2 (Xh,Mh), where (eh,gh) = (Rh(u,p) �
uh,Qh(u,p) � ph) and E = u � Rh(u,p). Setting (v,q) =
2(eh,gh) in (4.12) and using (4.1) and (2.7), we deduce
d
dt
ku� uhk2

0 þ 2mkehk2
1 þ 2Gðgh; ghÞ þ 2bðE þ eh; u; ehÞ

þ 2bðuh;E; ehÞ ¼ 2ðut � uht;EÞ: ð4:13Þ
Using Lemma (2.2), (2.3), (2.7), (2.8), and the Young
inequality, we see that

jbðE; u; ehÞj 6 ckEk1kuk1kehk1 6 ckEk2
1kuk

2
1 þ

m
8
kehk2

1;

jbðeh; u; ehÞj 6 c kehk0kehk1kuk1 þ kehk1=2
0 kehk3=2

1 kuk
1=2
0 kuk

1=2
1

n o
6

m
8
kehk2

1 þ c 1þ kuk2
0

� �
kuk2

1kehk2
0;

jbðuh;E; ehÞj 6 ckuhk1kEk1kehk1 6
m
8
kehk2

1 þ ckuhk2
1kEk

2
1;

jðut � uht;EÞj 6 ckEk0kut � uhtk0;

kehk0 6 ku� uhk0 þ ckEk1:

Now, combining these inequalities with (4.13), one can find
that

d
dt
ku� uhk2

0 þ mkehk2
1 þ Gðgh; ghÞ

6 c 1þ kuk2
0

� �
kuk2

1ku� uhk2
0

þ c kuhk2
1 þ ð1þ kuk

2
0Þkuk

2
1

� �
kEk2

1

þ ckEk0kut � uhtk0: ð4:14Þ

Then, by integrating (4.14) from 0 to t and noting that

ku0 � Rhðu0; p0Þk0 6 ch2ðku0k2 þ kp0k1Þ;
kEk0 þ hkEk1 6 ch2ðkuk2 þ kpk1Þ; ð4:15Þ

it follows from the Schwarz inequality, Lemma 2.2 and
(4.9) that
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kuðtÞ � uhðtÞk2
0 þ
Z t

0

mkehk2
1 þGðgh;ghÞ

� �
ds

6 ch4 þ c
Z t

0

ku� uhk2
0ds

þ ch2

Z t

0

kuk2
2 þkpk

2
1

� �
ds

� 	1=2 Z t

0

kutk2
0 þkuhtk2

0

� �
ds

� 	1=2

þch2

Z t

0

kuhk2
1 þ 1þkuk2

0

� �
kuk2

1

� �
kuk2

2 þkpk
2
1

� �
ds
�

6 ch2 þ ch2 1þ
Z t

0

kuhtk2
0ds

� 	1=2

þ c
Z t

0

ku� uhk2
0ds:

ð4:16Þ

Applying Lemma 2.1 to (4.16) gives

kuðtÞ � uhðtÞk2
0 þ

Z t

0

mkehk2
1 þ Gðgh; ghÞ

� �
ds

6 ch2 1þ
Z t

0

kuhtk2
0ds

� 	1=2
( )

; ð4:17Þ

which, together with (3.12), (4.3) and Lemma 2.2, yields

kuðtÞ � uhðtÞk2
0 þ

Z t

0

mku� uhk2
1 þ Gðp � ph; p � phÞ

� �
ds

6 ch2 1þ
Z t

0

kuhtk2
0ds

� 	1=2
( )

: ð4:18Þ

To estimate
R t

0
kuhtk2

0ds, we differentiate the term
d(uh,qh) + G(ph,qh) with respect to time t in (3.8) and set
(vh,qh) = (uht,ph) to have

kuhtk2
0 þ

1

2

d
dt

mkuhk2
1 þ Gðph; phÞ

� �
þ bðuh; u; uhtÞ

þ bðuh; u� uh; uhtÞ ¼ ðf ; uhtÞ: ð4:19Þ

Thanks to (2.8), (2.9) and (3.3), the trilinear terms can be
bounded as follows:

jbðuh; u; uhtÞj 6 ckuhk1kuk2kuhtk0

6
1

8
kuhtk2

0 þ ckuk2
2kuhk2

1; jbðuh; u� uh; uhtÞj

6 c kuhk1=2
1 kuhk1=2

0 kuhtk1=2
1 kuhtk1=2

0 ku� uhk1

n
þkuhk1=2

1 kuhk1=2
0 ku� uhk1=2

1 ku� uhk1=2
0 kuhtk1

o
6

1

8
kuhtk2

0 þ ch�2 kuhk2
0ku� uhk2

1 þ kuhk2
1ku� uhk2

0

� �
:

Subsequently, combining the above estimates with (4.19)
gives

kuhtk2
0 þ

d
dt

mkuhk2
1 þ Gðph; phÞ

� �
6 ckuk2

2kuhk2
1 þ ch�2 kuhk2

0ku� uhk2
1 þ kuhk2

1ku� uhk2
0

� �
:

ð4:20Þ

Now, integrating (4.20) from 0 to t, using Lemma 2.2, (4.9),
and noting
mku0hk2
1 þ Gðp0h; p0hÞ 6 c ku0hk2

1 þ kp0hk
2
0

� �
6 c ku0k2

1 þ kp0k
2
0

� �
;

we obtainZ t

0

kuhtk2
0dsþ mkuhðtÞk2

1 þ GðphðtÞ; phðtÞÞ

6 mku0hk2
1 þ Gðp0h; p0hÞ þ

Z t

0

kuk2
2kuhk2

1ds

þ ch�2

Z t

0

kuhk2
0ku� uhk2

1 þ kuhk2
1ku� uhk2

0

� �
ds

6 cþ c
Z t

0

kuhtk2
0ds

� 	1=2

: ð4:21Þ

Combining (4.21) with (4.18) gives (4.10) and (4.11). h

Lemma 4.3. Under the assumptions of Lemma 2.2 and The-

orem 3.1, it holds that, for t 2 [0,T],

msðtÞkuðtÞ � uhðtÞk2
1 þ

Z t

0

sðsÞkut � uhtk2
0ds 6 ch2: ð4:22Þ
Proof. Differentiating the term d(u � uh,qh) + G(p � ph,qh)
in (4.12), taking (vh,qh) = (eht,gh) in (4.12) and using (4.1),
we see that

1

2
kehtk2

0 þ
1

2
kut � uhtk2

0 þ
1

2

d
dt
ðmkehk2

1 þ Gðgh; ghÞÞ

6 jbðu� uh; u; ehtÞj þ jbðu; u� uh; ehtÞj

þ jbðu� uh; u� uh; ehtÞj þ
1

2
kEtk2

0: ð4:23Þ

Due to (2.7), (2.8), (2.9) and Lemma 2.2, we have

jbðu�uh;u;ehtÞþbðu;u�uh;ehtÞj
6 ckuk2ku�uhk1kehtk0

6
1

8
kehtk2

0þ ckuk2
2ku�uhk2

1;

jbðu�uh;u�uh;ehtÞj
6 cku�uhk1=2

0 ku�uhk3=2
1 kehtk1=2

0 kehtk1=2
1

6
1

8
kehtk2

0þ ch�1ku�uhk0ku�uhk3
1:

Hence, combining these inequalities with (4.23) yields

kut � uhtk2
0 þ

d
dt

mkehk2
1 þ Gðgh; ghÞ

� �
6 ckEtk2

0 þ ckuk2
2ku� uhk2

1 þ ch�1ku� uhk0ku� uhk3
1:

ð4:24Þ

Multiplying (4.24) by s(t), integrating from 0 to t, and
using Lemmas 2.2, 4.1 and 4.2, we deduceZ t

0

sðsÞkut � uhtk2
0 dsþ sðtÞ mkehðtÞk2

1 þ GðghðtÞ; ghðtÞÞ
� �

6 c
Z t

0

mkehk2
1 þ Gðgh; ghÞ

� �
ds

þ c
Z t

0

sðsÞkEtk2
0 dsþ ch2

6 ch2;
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which, together with Lemmas 2.2, 4.1 and 4.2, yields
(4.22). h

Lemma 4.4. Under the assumptions of Lemma 2.2 and The-

orem 3.1, it holds that, for t 2 [0,T],

kuhtðtÞk2
0 þ
Z t

0

mkuhtk2
1þGðpht;phtÞ

� �
ds6 c; ð4:25Þ

sðtÞ mkuhtðtÞk2
1þGðphtðtÞ;phtðtÞÞ

� �
þ
Z t

0

sðsÞkuhttk2
0 ds6 ch2;

ð4:26Þ

sðtÞkutðtÞ � uhtðtÞk2
0 þ
Z t

0

sðsÞ mkehtk2
1þGðght;ghtÞ

� �
ds6 ch2:

ð4:27Þ

Proof. By differentiating (3.8) with respect to time, it fol-
lows that

ðuhtt; vhÞ þBððuht; phtÞ; ðvh; qhÞÞ þ bðuht; uh; vhÞ
þ bðuh; uht; vhÞ ¼ ðft; vhÞ; ð4:28Þ

for all (vh,qh) 2 (Xh,Mh). Taking (vh,qh) = 2(uht,pht) in (4.28)
and using (2.7), we deduce
d
dt
kuhtk2

0 þ 2mkuhtk2
1 þ 2Gðpht; phtÞ þ 2bðuht; uh; uhtÞ

6
m
4
kuhtk2

1 þ ckftk2
0: ð4:29Þ
Using (2.7) and (2.8), we have
2jbðuht; uh; uhtÞj 6 ckuhtk1=2
0 kuhtk3=2

1 kuhk1=2
0 kuhk1=2

1

6
m
4
kuhtk2

1 þ ckuhk2
0kuhk2

1kuhtk2
0;
which, combined with (4.29), gives
d
dt
kuhtk2

0 þ mkuhtk2
1 þ Gðpht; phtÞ

6 ckuhk2
0kuhk2

1kuhtk2
0 þ ckftk2

0: ð4:30Þ
Integrating (4.30) and using Lemma 4.2, we obtain (4.25).
Then, differentiating again the term d(uht,qh) + G(pht,qh)

in (4.28) and taking (vh,qh) = (uhtt,pht), we see that

kuhttk2
0 þ

1

2

d

dt
mkuhtk2

1 þ Gðpht; phtÞ
� �

þ bðu; uht; uhttÞ

þ bðuht; u; uhttÞ þ bðuht; uh � u; uhttÞ þ bðuh � u; uht; uhttÞ

6
1

8
kuhttk2

0 þ ckftk2
0: ð4:31Þ
Obviously, it follows from (2.7)–(2.9), (3.3), (4.10) and
(4.11) that
jbðu; uht; uhttÞ þ bðuht; u; uhttÞj
6 ckuk2kuhtk1kuhttk0

6
1

8
kuhttk2

0 þ ckuk2
2kuhtk2

1;

jbðuht; uh � u; uhttÞ þ bðuh � u; uht; uhttÞj

6 ch�1kuhtk1=2
0 kuhtk1=2

1 ku� uhk1=2
0 ku� uhk1=2

1 kuhttk0

6
1

8
kuhttk2

0 þ ch�2kuhtk0kuhtk1ku� uhk0ku� uhk1:

Then, combining these estimates with (4.31), it follows
from Lemma 2.2 that

kuhttk2
0 þ

d
dt

mkuhtk2
1 þ Gðpht; phtÞ

� �
6 ckuk2

2kuhtk2
1 þ ch�2kuhtk0kuhtk1ku

� uhk0ku� uhk1 þ ckftk2
0: ð4:32Þ

Similarly, multiplying (4.32) by s(t), integrating from 0 to t,
and using Lemma 4.2 and (A2), we see thatZ t

0

sðsÞkuhttk2
0 dsþ sðtÞ mkuhtk2

1 þ Gðpht; phtÞ
� �

6 c
Z t

0

mkuhtk2
1 þ Gðpht; phtÞ

� �
dsþ c

Z t

0

kftk2
0 ds

þ c
Z t

0

kuk2
2kuhtk2

1 þ h�2ku� uhk0ku� uhk1kuhtk0kuhtk1

� �
ds:

ð4:33Þ
Combining (4.33) with and (4.25), (4.11) and using Lemma
2.2 completes the proof of (4.26).

To show (4.27), differentiating (4.12) with respect to
time t and using (4.1) gives

ðutt � uhtt; vhÞ þBððeht; ghtÞ; ðvh; qhÞÞ þ bðut � uht; u; vhÞ

þ bðu� uh; ut; vhÞ þ bðut; u� uh; vhÞ þ bðu; ut � uht; vhÞ

� bðut � uht; u� uh; vhÞ � bðu� uh; ut � uht; vhÞ ¼ 0;

ð4:34Þ

for all (vh,qh) 2 (Xh,Mh). Taking (vh,qh) = (eht,ght) in (4.34),
we see that

1

2

d
dt
kut � uhtk2

0 þ mkehtk2
1 þ Gðght; ghtÞ þ bðut � uht; u; ehtÞ

þ bðu� uh; ut; ehtÞ þ bðut; u� uh; ehtÞ
þ bðu; ut � uht; ehtÞ � bðut � uht; u� uh; ehtÞ
� bðu� uh; ut � uht; ehtÞ ¼ ðutt � uhtt;EtÞ: ð4:35Þ

Thanks to 2.3 and (2.7)–(2.9), we estimate the trilinear
terms in (4.35) as follows:

jbðut � uht; u; ehtÞ þ bðu; ut � uht; ehtÞj

6 ckuk2kehtk1kut � uhtk0 6
m
8
kehtk2

1 þ ckuk2
2kut � uhtk2

0;

jbðu� uh; ut; ehtÞj þ jbðut; u� uh; ehtÞj

6 ckutk1kehtk1ku� uhk1 6
m
8
kehtk2

1 þ ckutk2
1ku� uhk2

1;
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jbðut � uht; u� uh; ehtÞj þ jbðu� uh; ut � uht; ehtÞj
6 ckut � uhtk1ku� uhk1kehtk1

6
m
8
kehtk2

1 þ cðkutk2
1 þ kuhtk2

1Þku� uhk2
1;

jðutt � uhtt;EtÞj 6 kutt � uhttk0kEtk0

6 ch2ðkuttk0 þ kuhttk0Þðkutk2 þ kptk1Þ:

Combining these inequalities with (4.35) yields

d

dt
kut � uhtk2

0 þ mkehtk2
1 þ Gðght; ghtÞ

6 ckuk2
2kut � uhtk2

0 þ c kutk2
1 þ kuhtk2

1

� �
ku� uhk2

1

þ ch2ðkuttk0 þ kuhttk0Þðkutk2 þ kptk1Þ: ð4:36Þ

Multiplying (4.36) by s(t) gives

d

dt
sðtÞkut � uhtk2

0

� �
þ sðtÞ mkehtk2

1 þ Gðght; ghtÞ
� �

6 c 1þ kuk2
2

� �
sðtÞkut � uhtk2

0

þ c kutk2
1 þ kuhtk2

1

� �
sðtÞku� uhk2

1

þ ch2sðtÞðkuttk0 þ kuhttk0Þðkutk2 þ kptk1Þ: ð4:37Þ

Finally, we integrate (4.37) from 0 to t and apply Lemmas
2.2, 4.2 and 4.3 to obtain

sðtÞkutðtÞ � uhtðtÞk2
0 þ

Z t

0

sðsÞ mkehtk2
1 þ Gðght; ghtÞ

� �
ds

6 c
Z t

0

1þ kuk2
2

� �
sðsÞkut � uhtk2

0 ds

þ c
Z t

0

kutk2
1 þ kuhtk2

1

� �
sðsÞku� uhk2

1 dsch2

Z t

0

sðsÞðkuttk0

þ kuhttk0Þðkutk2 þ kptk1Þds 6 ch2;

which completes the proof. h

Lemma 4.5. Under the assumptions of Lemma 2.2 and The-

orem 3.1, it holds that, for t 2 [0,T],

s1=2ðtÞkpðtÞ � phðtÞk0 6 ch: ð4:38Þ

Proof. It follows from the inf-sup condition (3.11) and
(4.12) that

kghðtÞk0 6 b�1 sup
ðvh;qhÞ2ðX h;MhÞ

BððehðtÞ; ghðtÞÞ; ðvh; qhÞÞ
kvhk1 þ kqhk0

6 b�1ckutðtÞ � uhtðtÞk0 þ cðkuðtÞk1

þ kuhðtÞk1ÞkuðtÞ � uhðtÞk1: ð4:39Þ

Using Lemmas 4.1–4.4 we see that

s1=2ðtÞkghðtÞk0 6 cs1=2ðtÞkutðtÞ � uhtðtÞk0 þ cðkuðtÞk1

þ kuhðtÞk1Þs1=2ðtÞkuðtÞ � uhðtÞk1 6 ch:

ð4:40Þ

Thus, using Lemmas 2.2 and 4.1 again yields
s1=2ðtÞkpðtÞ � phðtÞk0

6 s1=2ðtÞkghðtÞk0 þ s1=2ðtÞkpðtÞ � QhðuðtÞ; pðtÞÞk0

6 chþ chðkuðtÞk2 þ kpðtÞk1Þ 6 ch;

which is (4.38). h

Theorem 4.6. Under the assumptions of Lemma 2.2 and The-

orem 3.1, it holds that, for t 2 [0,T],

s1=2ðtÞkuðtÞ � uhðtÞk1 þ s1=2ðtÞkpðtÞ � phðtÞk0 6 ch: ð4:41Þ
This theorem follows from Lemmas 4.3 and 4.5.
5. L2-Error estimates

In this section we estimate the error ku � uhk0 using a
parabolic duality argument for a backward-in-time linear-
ized Navier–Stokes problem [17,18]. The dual problem is to
seek (U(t),W(t)) 2 X · M such that, for t 2 [0,T] and
g 2 L2(0,T,Y),

ðv;UtÞ � Bððv; qÞ; ðU;WÞÞ � bðu; v;UÞ � bðv; u;UÞ ¼ ðv; gÞ;
ð5:1Þ

for all (v,q) 2 (X,M), with U(T) = 0. This problem is well-
posed and has a unique solution (U,W) with [18]

U 2 Cð0; T ; V Þ \ L2ð0; T ;DðAÞÞ \ H 1ð0; T ; Y Þ;

W 2 L2ð0; T ;H 1ðXÞ \MÞ:

First, we need to recall the following regularity results pro-
vided by Hill and Süli in [18].

Lemma 5.1. The solution (U,W) of (5.1) satisfies
sup
06t6T

kUðtÞk2
1þ
Z T

0

kUk2
2þkWk

2
1þkUtk2

0

� �
dt6 c

Z T

0

kgk2
0dt:

ð5:2Þ

Lemma 5.2. Under the assumptions of Lemma 2.2 and The-

orem 3.1, it holds that

Z T

0

ku� uhk2
0 ds 6 ch4: ð5:3Þ

Proof. Here we introduce the dual Galerkin projection
(Uh(t),Wh(t)) of (U(t),W(t)) such that

Bððvh;qhÞÞ;ðUh;WhÞ¼Bððvh;qhÞ;ðU;WÞÞ 8ðvh;qhÞ 2 ðX h;MhÞ;

which yields

Bððvh;qhÞ;ðU�Uh;W�WhÞÞ¼Gðqh;WÞ 8ðvh;qhÞ 2 ðX h;MhÞ:
ð5:4Þ
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By using a similar approach to the proof of Lemma 4.1, we
can prove

kU� Uhk0 þ hkU� Uhk1 þ hkW�Whk0

6 ch2ðkUk2 þ kWk1Þ: ð5:5Þ
Taking (vh, qh) = (Uh,Wh) in (4.12), we have
ðet;UhÞ þBððe; gÞ; ðUh;WhÞÞ þ bðu; e;UhÞ
þ bðe; u;UhÞ � bðe; e;UhÞ ¼ Gðg;WhÞ; ð5:6Þ
where (e,g) = (u � uh,p � ph). Adding (5.6) and (5.1) with
(v,q) = (e,g) and g = e, we see that

kek2
0 ¼

d
dt
ðe;UÞ � ðet;U� UhÞ �Bððe; gÞ;

ðU� Uh;W�WhÞÞ � bðe; u;U� UhÞ � bðu; e;U� UhÞ
� bðe; e;UhÞ þ Gðg;W�WhÞ: ð5:7Þ

Applying (2.7), (2.8), (2.9) and Lemma 5.1, we have
jðet;U� UhÞj 6 cðkutk0 þ kuhtk0ÞkU� Uhk0

6 ch2ðkutk0 þ kuhtk0ÞðkUk2 þ kWk1Þ;

jbðe; u;U� UhÞ þ bðu; e;U� UhÞj 6 ckuk1kek1kU� Uhk1

6 chkuk1kek1kUk2;

jbðe; e;UhÞj 6 ckek2
1kUhk1 6 ckek2

1ðhkUk2 þ kUk1Þ;

jGðg;W�WhÞj 6 chG1=2ðg; gÞkWk1:
As for the bilinear term, by using (5.4), (4.3), (3.6) and
(3.12), we have the following estimate
jBððe; gÞ; ðU� Uh;W�WhÞÞj

6 jBððu� Rhðu; pÞ; p � Qhðu; pÞÞ;

ðU� Uh;W�WhÞÞj þ jGðQhðu; pÞ � ph;WÞj

6 cðku� Rhðu; pÞk1 þ kp � Qhðu; pÞk0ÞðkU� Uhk1

þ kW�Whk0Þ þ jGðQhðu; pÞ � p þ g;WÞj

6 ch2ðkuk2 þ kpk1ÞðkUk2 þ kWk1Þ þ chG1=2ðg; gÞkWk1:
Then, combining the above estimates with (5.4), we see
that

kek2
0 ¼

d

dt
ðe;UÞ þ chðhkutk0 þ hkuhtk0 þ kuk1kek1

þ G1=2ðg; gÞÞðkUk2 þ kWk1Þ

þ ch2ðkuk2 þ kpk1ÞðkUk2 þ kWk1Þ

þ ckek2
1ðhkUk2 þ kUk1Þ: ð5:8Þ
Integrating (5.8) from 0 to T yieldsZ T

0

keðsÞk2
0 ds ¼ �ðeð0Þ;Uð0ÞÞ

þ ch
Z T

0

h2kutk2
0 þ h2kuhtk2

1 þ kuk
2
1kek

2
1

��

þ Gðg; gÞ
	

ds
	1=2 Z T

0

kUk2
2 þ kWk

2
1

� �
ds

� 	1=2

þ ch2

Z t

0

kuk2
2 þ kpk

2
1

� �
ds

� 	1=2

�
Z t

0

kUk2
2 þ kWk

2
1

� �
ds

� 	1=2

þ c
Z T

0

kek2
1ðhkUk2 þ kUk1Þds: ð5:9Þ

In addition, by the definition of Rh, we have

jðeð0Þ;Uð0ÞÞj ¼ jðu0 � Rhðu0; p0Þ;Uð0ÞÞj
6 ch2ðku0k2 þ kp0k1ÞkUð0Þk1: ð5:10Þ

Combining (5.10) with (5.9) and using (5.2) with g = e
completes the proof of (5.3). h

Lemma 5.3. Under the assumptions of Lemmas 2.2 and 5.1
and Theorem 3.1, it holds that, for t 2 [0,T],

s1=2ðtÞkuðtÞ � uhðtÞk0 6 ch2: ð5:11Þ

Proof. Taking (vh,qh) = 2(eh,gh) = 2(Rh(u,p) � uh, Qh(u,p) �
ph) in (4.12) and using (4.1), we see that

d
dt
kehk2

0 þ 2mkehk2
1 þ 2Gðgh; ghÞ þ 2bðu; u� uh; ehÞ

þ 2bðu� uh; u; ehÞ � 2bðu� uh; u� uh; ehÞ 6 2kEtk0kehk0:

ð5:12Þ

Obviously, using (2.7), (2.8), and setting E = u � Rh(u,p),
we have

2jbðu; u� uh; ehÞ þ bðu� uh; u; ehÞj 6 ckuk2kehk1ku� uhk0

6
m
4
kehk2

1 þ ckuk2
2ku� uhk2

0; 2jbðu� uh; u� uh; ehÞj

6 ku� uhk2
1kehk1 6

m
4
kehk2

1 þ cku� uhk4
1:

Thus, combining these estimates with (5.12) gives

d
dt
kehk2

0 þ mkehk2
1 þ Gðgh; ghÞ

6 2kEtk0kehk0 þ ckuk2
2ku� uhk2

0 þ cku� uhk4
1: ð5:13Þ

Using Lemmas 5.2, 2.2 and (4.3), we haveZ T

0

kehk2
0 ds 6 2

Z T

0

ku� uhk2
0 dsþ 2

Z T

0

kEk2
0 ds

6 2

Z T

0

ku� uhk2
0 ds

þ ch4

Z T

0

kuk2
2 þ kpk

2
1

� �
ds 6 ch4: ð5:14Þ



Fig. 1. Uniform and unstructured triangulation of X into triangles.

Table 1
Comparison of the results for the transient Navier–Stokes equations with
different stabilized parameter d (GLS method with m = 0.01 and 1/h = 27
on uniform mesh)

d ku�uhk0

kuk0

ku�uhk1

kuk1

kp�phk0

kpk0
kdiv(u � uh)k0,1,K

1.25e+010 0.58186 0.780421 0.0879626 0.000429764
1250 0.524077 0.714703 0.00231233 0.000417508
125 0.257037 0.414099 0.00136363 0.00034068
12.5 0.0420664 0.154004 0.0010947 0.000164305
1.2500 0.010635 0.10718 0.00106821 4.23749e�005
0.125 0.00977313 0.104804 0.00106896 2.90663e�005
0.0125 0.0109201 0.108888 0.00116981 2.94516e�005
0.000125 0.0136091 0.126283 0.0020777 3.26249e�005
1.25e�010 0.0137342 0.127326 0.0872114 3.27503e�005

Table 2
Comparison of the results for the transient Navier–Stokes equations with
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Multiplying (5.13) by s(t) and integrating from 0 to t, and
using Lemmas 4.2, 4.3, 5.2 and (5.14), we obtain

sðtÞkehðtÞk2
0 þ

Z t

0

sðsÞ mkehk2
1 þ Gðgh; ghÞ

� �
ds

6 c
Z t

0

kehk2
0 dsþ c

Z t

0

kuk2
2ku� uhk2

0 ds

þ c
Z t

0

sðsÞku� uhk4
1 ds

þ c
Z t

0

sðsÞkEtk2
0 ds

� 	1=2 Z t

0

kehk2
0 ds

� 	1=2

6 ch4:

ð5:15Þ

Using again (4.3) and Lemma 2.2, we have

kuðtÞ � RhðuðtÞ; pðtÞÞk2
0 6 ch4ðkuðtÞk2

2 þ kpðtÞk
2
1Þ 6 ch4:

ð5:16Þ
Combining (5.15) with (5.16) yields (5.11). h

The next theorem follows from Lemma 5.3 and Theo-
rem 4.6.

Theorem 5.4. Under the assumptions of Lemma 2.2 and

Theorem 3.1, it holds that, for t 2 [0,T],

kuðtÞ � uhðtÞk0 þ hkuðtÞ � uhðtÞk1 þ hkpðtÞ � phðtÞk0

6 cs�1=2ðtÞh2: ð5:17Þ

Remark. Unfortunately, we can not drop the singular fac-
tor s�1/2(t) in the above error estimates because of some
technique difficulties.
different stabilized parameter d1 (multiscale enrichment method with
m = 0.01, d2 = 1/(12m) and 1/h = 27 on uniform mesh)

d1
ku�uhk0

kuk0

ku�uhk1

kuk1

kp�phk0

kpk0
kdiv(u � uh)k0,1,K

1.25e+010 0.578187 0.764985 0.212368 0.000385109
1250 0.520675 0.699656 0.0023136 0.000374259
125 0.255029 0.401199 0.0013685 0.000306779
12.5 0.0420326 0.147995 0.00109729 0.000152181
1.25 0.012678 0.106257 0.00106908 3.8449e�005
0.125 0.0121566 0.104464 0.00107023 2.84652e�005
0.00125 0.0152158 0.119877 0.00177986 3.12862e�005
0.000125 0.0133481 0.108487 0.00118251 2.91604e�005
1.25e�010 0.0161279 0.127469 0.084931 3.23125e�005

Table 3
The results for the transient Navier–Stokes equations (Galerkin method
with m = 0.01 on uniform mesh)

1/h ku�uhk0

kuk0

ku�uhk1

kuk1

kp�phk0

kpk0
kdiv(u � uh)k0,1,K

18 0.0308098 0.189134 1.01439 0.000102231
27 0.013734 0.127327 4.06744 3.27466e�005
36 0.00758175 0.0939097 0.444616 1.43189e�005
45 0.00490889 0.0761692 0.151242 7.48351e�006
54 0.00335357 0.0624615 0.12808 4.38911e�006
63 0.00249719 0.0543352 0.514549 2.78988e�006
72 0.00188206 0.0467924 0.461222 1.88213e�006
81 0.00150824 0.0422297 0.110548 1.32893e�006
6. Numerical experiments

In this section we present numerical results to compare
the new stabilized finite element method presented in Sec-
tion 3 with other finite element methods for the two-dimen-
sional transient Stokes equations and to illustrate the
convergence theory of this new method for the transient
Navier–Stokes equations developed in Sections 4 and 5.
In all experiments here, we consider the transient Navier–
Stokes equations on X = [0,1] · [0,1] with a body force
f(x,t) such that the true solution is

uðx; tÞ ¼ ðu1ðx; tÞ; u2ðx; tÞÞ; pðx; tÞ
¼ 10ð2x1 � 1Þð2x2 � 1Þ cosðtÞ;

u1ðx; tÞ ¼ 10x2
1ðx1 � 1Þ2x2ðx2 � 1Þð2x2 � 1Þ cosðtÞ;

u2ðx; tÞ ¼ �10x1ðx1 � 1Þð2x1 � 1Þx2
2ðx2 � 1Þ2 cosðtÞ:

The domain is divided into triangles (see Fig. 1). All the
numerical experiments have been performed using the con-
forming P1 finite element for both velocity and pressure.
The implicit (backward) Euler scheme is used for the time
discretization at t = 1, with the time step dt = 0.0025.

We first compare the new stabilized finite element
method with the standard Galerkin method, the penalty



Table 4
The results for the transient Navier–Stokes equations (GLS method with
m = 0.01 and d = 0.0125m on uniform mesh)

1/h ku�uhk0

kuk0

ku�uhk1

kuk1

kp�phk0

kpk0
kdiv(u � uh)k0,1,K

18 0.0319185 0.182044 0.00241892 0.000200833
27 0.010635 0.10718 0.00106821 4.23749e�005
36 0.00551077 0.0784519 0.000599516 1.42401e�005
45 0.00343014 0.0623285 0.000383294 6.05239e�006
54 0.00235515 0.0518077 0.00026603 3.37212e�006
63 0.00172107 0.0443561 0.000195388 2.14376e�006
72 0.00131399 0.038789 0.000149563 1.44665e�006
81 0.00103657 0.0344677 0.000118158 1.02167e�006

Table 5
The results for the transient Navier–Stokes equations (multiscale enrich
method with m = 0.01, d2 ¼ 1

12m and d1 = 0.0125m on uniform mesh)

1/h ku�uhk0

kuk0

ku�uhk1

kuk1

kp�phk0

kpk0
kdiv(u � uh)k0,1,K

18 0.0348923 0.176206 0.00242275 0.000194556
27 0.012678 0.106257 0.00106908 3.8449e�005
36 0.00678573 0.0781985 0.000599852 1.21692e�005
45 0.00427598 0.0622291 0.000383471 5.63247e�006
54 0.00295196 0.0517581 0.000266142 3.30058e�006
63 0.00216323 0.044327 0.000195468 2.09918e�006
72 0.00165422 0.0387699 0.000149626 1.41708e�006
81 0.00130627 0.0344541 0.000118209 1.00103e�006
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method, the GLS method, and the multiscale enrichment
method for the transient Navier–Stokes equations on uni-
Table 6
The results for the transient Navier–Stokes equations (new method with m = 0

1/h ku�uhk0

kuk0

ku�uhk1

kuk1

18 0.104027 0.386244
27 0.0450949 0.244439
36 0.0246115 0.150347
45 0.0156104 0.116457
54 0.0107037 0.0881183
63 0.00781958 0.0727358
72 0.00595256 0.0604797
81 0.00468698 0.0520517
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form meshes. These five methods have the common discrete
formulation: Find (uh(Æ,t),ph(Æ,t)) 2 (Xh,Mh), t 2 (0,T], such
that

ðuht; vhÞ þ aðuh; vhÞ � dðvh;phÞ þ bðuh;uh; vhÞ ¼ ðf ; vhÞ; ð6:1Þ
dðuh;qhÞ þKðph;qhÞ ¼ 0; ð6:2Þ
for all (vh,qh) 2 (Xh, Mh), where K(ph, qh) = 0 for the stan-
dard Galerkin method, K(ph, qh) = �(ph, qh)/m for the pen-
alty method, Kðph; qhÞ ¼ d

P
Kh2

Kðrph � f ;rqhÞK for the
GLS method [7,24],

Kðph; qhÞ ¼ d1

X
K

h2
Kðrph � f ;rqhÞK

þ
X
K;K 0

d2he m
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on
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for the multiscale enrichment method [2] and K(ph,qh) =
G(ph,qh) for the new method, where he = jej and [v] denotes
the jump of v across e = K \ K

0
.

There is no satisfactory way to obtain the optimal
parameters for the stabilized parameter with any given
mesh. In practice, these parameters are still being deter-
mined by trial and error. The penalty method involves a
stabilization parameter 1.0e � 4 > � > 0 [4,21], which must
be sufficiently small. There is a slight deterioration in the
finite element approximation by the regular stabilized
method with the selected stabilized parameter in [16] for
.01 on uniform mesh)
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Fig. 2. Comparison of rate analysis for the transient Navier–Stokes equations by using four different methods (m = 1.0e � 2 on uniform mesh).

Table 7
Maximum value of the ‘‘error constants’’ (m = 1.0e � 3)

Type max
k�u�um

h k0

h2

n o
max

krð�u�um
h Þk0

h

n o
max

k�p�pm
h k0

h

n o
GLS method 0.752114 6.12452 6.09415
Enriched multiscale

method
0.893946 6.22024 6.09433

P1b � P1 1.47453 16.8133 6.09413
New method 0.750659 5.9606 6.09587
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the stationary Navier–Stokes equations. Here, we choose
� = 1.0e � 6, d = 1/(80m) = 0.0125/m, d1 = 1/(8m) = 0.125/
m, and d2 = 1/(12m) (see [2]). Furthermore, we test the effect
of different stabilized parameters on the convergence rates,
which are shown in Tables 1 and 2, with h = 1/27 and
m = 0.01. We can clearly see that these two methods com-
pletely agree with the above choice of stabilized parameters
in theory for the implicit scheme used.

Except for the penalty method, the relative convergence
rates for the velocity and pressure approximations over dif-
ferent grids for the four methods are given in Tables 3–6
and Fig. 2. From our numerical experiments, there is not
much difference among the four methods for the velocity
approximation. However, as Table 3 shows, the difference
is huge for the pressure approximation. The suboptimal
error estimates for the standard Galerkin method look
really bad, which is not surprising since this method does
not satisfy the inf-sup condition for the P1 � P1 element
used. The error estimates for the new method, the GLS
method, and the multiscale enrichment method are more
stable than those for the standard Galerkin method, which
seems superconvergent. The results of the new stabilized
method for the transient Navier–Stokes equations confirm
the convergence theory developed in the previous sections.
From Theorem 5.4, the theoretical analysis predicts a con-
vergence rate of order O(h) for velocity in the energy norm,
O(h2) for velocity in the L2-norm, and O(h) for pressure in
the L2-norm. The numerical experiments in Table 6 show
slightly better convergence rates. In fact, the convergence
rates for pressure are close to an order of O(h1.8). Most
importantly, there is no negative effect with respect to the
incompressible property by using the new stabilized
method (see Tables 3–6 and Fig. 2). However, compared
with the GLS method and multiscale enrichment method,
the new stabilized method does not require the derivations
or integration on the boundary of the set K. It only
involves two local Gauss integrations.

We also design an unstructured mesh as shown in the
second figure of Fig. 1. We take the solution of the tran-
sient Navier–Stokes equations with the Taylor-Hood
P2 � P1 element over finer grid as the ‘‘exact’’ solution.
Note that the same right-hand side with the previous
numerical experiment on uniform meshes is used. It is no
doubt that the stable Taylor-Hood element performs better
since it employs the P2 element for the velocity. Also, the
Taylor-Hood element indicates its superconvergence per-
formance. Then, the absolute error is obtained by compar-
ing the ‘‘exact’’ solution and the finite element solutions
with different methods. Finally, ‘‘error constants’’ can be
obtained by a series of simple calculations (see Table 7).
From Table 7, we can observe that the better ‘‘error con-
stants’’ are obtained by the new stabilized finite element
method.

Finally, the driven cavity is considered for the new sta-
bilized finite element method over the unstructured mesh
of Fig. 1. It is a box full of liquid with its lid moving hor-
izontally at speed one. We compare the new stabilized finite
element method with the GLS method, the multiscale
method, and the standard Galerkin method with the stable
Taylor-Hood element P2 � P1 and the mini-element
P1 � P1. In particular, we plot the vertical component of
the velocity along the horizontal line passing through the
geometrical center of the cavity. The results for both veloc-
ity and pressure are given in Fig. 3. The numerical results
of the new stabilized finite element method indicate the
same performance as those of the standard finite element
method with the Taylor-Hood element.



1 2 3 4 5 6 7 8 9 10
0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

0.1*x

u1
−v

el
oc

ity

Comparison of u1–velocity for the transient Navier-Stokes euqations

10

20

30

40

50

60

P1−bP1
P2−P1
multiscale method
new method
regular method

P1b−P1
P2−P1
multiscale method
new method
regular method

P1b−P1
P2−P1
multiscale method
new method
regular method

1 2 3 4 5 6 7 8 9 10
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

0.1*x

u2
−v

el
oc

ity

Comparison of u2–velocity for the transient Navier-Stokes equations

10

20

30

40

50

60

1 2 3 4 5 6 7 8 9 10
−20

−15

−10

−5

0

5

10

15

20

0.1*x

p−
pr

es
su

re

Comparison of p–pressure for the transient Navier-Stokes equations

10

20

30

40

50

60

Fig. 3. Comparison of the velocity and pressure for the drive cavity problem by using five different method (m = 1.0e � 3 on unstructured mesh).
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7. Conclusions

In this paper we have provided a theoretical analysis for
a stabilized finite element method based on two local Gauss
integrations. The analysis has extended the work in [20] for
the stationary Stokes equations to the transient Navier–
Stokes equations. The discretization uses a pair of spaces
of finite elements P1 � P1 over triangles or Q1 � Q1 over
quadrilateral elements. This new method is computationally
efficient. It does not require a selection of mesh-dependent
stabilization parameters or a calculation of higher-order
derivatives. Its another valuable feature is that the action
of stabilization operators can be performed locally at the
element level with minimal additional cost. The numerical
tests performed are in a good agreement with the theoretical
results established. Most importantly, better performance
of the new stabilized method than other stabilized methods
on structured and unstructured mesh is observed.
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