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Abstract. In this paper we study the convergence of the multiscale finite element method
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1. Introduction. Hou and Wu [16] introduced the multiscale finite element
method for numerical solution of multiscale problems that are described by partial dif-
ferential equations with highly oscillatory coefficients. The main idea of this method
is to incorporate the microscale information of a multiscale differential problem into
finite element basis functions. It is through these modified bases and finite element
formulations that the effect of microscales on macroscales can be correctly captured.

The convergence analysis of the method was given in [17] for a two-scale linear
homogenization problem with periodic coefficients. It was proven that the multiscale
finite element solution converges to the homogenized solution as h, € — 0, where h is
the mesh size and € is the small scale in the solution. The analysis also indicated that
a resonance error exists between the grid scale and the scales of the homogenization
problem. This is a common feature in some numerical upscaling techniques. This
error represents a mismatch between the local construction of the multiscale basis
functions and the global nature of the continuous problem. An oversampling technique
was analyzed in [13] to reduce the resonance error. The idea of this technique is to
construct the local basis functions over a domain with size larger than h to reduce
the boundary layer effect present in the first order corrector of the local solution.

A convergence analysis of the multiscale finite element method and its oversam-
pled version for nonlinear problems was recently given by Efendiev [11] and Efendiev,
Hou, and Ginting [12], and error estimates were obtained for monotone operators
(see the next section). These monotone operators do not cover the nonlinear prob-
lem studied here, which is a natural extension of the usual linear homogenization
problems with highly oscillatory coefficients [5, 16, 17]. The primary goal of this pa-
per is to derive error estimates for the nonlinear problem under consideration. We
show that error estimates similar to those for linear homogenization problems hold
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for this problem as well. We also indicate how to extend this error analysis to random
homogenization problems.

The present analysis is based on an equivalent formulation for the multiscale fi-
nite element method recently introduced by Chen [5], which utilizes standard basis
functions of finite element spaces but modifies the bilinear (quadratic) form in the
finite element formulation of the underlying multiscale problems. This new formu-
lation captures the macroscale structure of the solution of a differential multiscale
problem through the modification of this bilinear form. It is a general approach that
can handle a large variety of differential problems, periodic or nonperiodic, linear
or nonlinear, and stationary or dynamic, as shown here. A similar idea using the
operator approach was employed by Arbogast [1].

The paper is organized as follows. In the next section we present a continuous
two-scale nonlinear problem, the multiscale finite element method, and existing error
estimates. Existence and uniqueness of a multiscale finite element solution is shown
in the third section. An improved error analysis is given in the fourth section. An
oversampling technique for the nonlinear problem is presented in the fifth section,
and a simple reconstruction trick to retrieve the microscopic information is described
in the sixth section. Finally, an extension to a random homogenization problem is
given in the seventh section. As a general remark, the generic constant C' > 0 (with
or without a subscript) is assumed to be independent of the mesh size h and the
microscale € throughout this paper.

2. Existing error estimates for nonlinear problems. Let 2 be a bounded
domain in R%, 1 < d < 3, with Lipschitz boundary I'. For a subdomain D C €,
each integer m > 0, and each real number 1 < p < oo, W™P(D) indicates the usual
Sobolev space of real functions that have all their weak derivatives of order up to m
in the Lebesgue space LP(D). The norm and seminorm of W"™P?(D) are denoted by
I lm,p.0 and | |m.p. D, respectively. When p = 2, WP (D) is written as H™ (D) with
the norm || - ||,,,p and the seminorm |- |, p. We also use the space

Wy (D) = {v e W'P(D) : v|sgp = 0}, p> 1
Again, when p = 2, it is written as Hg (D).
We consider the nonlinear problem
~V - (aVus) =f inQ,

2.1
2.1) u¢ =0 on T,

where a. = a(z,x/€,u) depends on the solution uf. In problem (2.1), the multiscale
feature is reflected in the oscillatory nature of the coefficient a. for € < 1, which
represents the microscale.

We assume that the coefficient a(z,y,2) is equicontinuous in z uniformly with
respect to z and y and periodic in y with period I = [0, 1]¢. Furthermore, it satisfies

d
(22) a*|<|2 S Z aly(xayaq)g’bgj S a*|C|2 Vo € Q) Y, C € Rda qc Ra

i,j=1
for some positive constants a, and a*. Under such assumptions, the solution u®
of problem (2.1) converges weakly in U = W, () (p > 1) to the solution of the
homogenized equation [3]
-V (.A(.T, Uo)VUo) = f in Q,

(2.3)
Up=0 on I,
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where the homogenized matrix A = (A4;;) is

d .
1 oI
Aij(z,q) = m/} (aij(:c,y,q)Jr E <ama;‘k> (x,y,q)> dy  VYqeR,
k=1

and x7 satisfies, with a periodic boundary condition in y,

d
; 0
(2.4) —Vy - (alz,y,q)Vyx?) = ; @aij(%y, q), yel,

/xj(w,y,q) dy =0, g€R.
I

The variational form of (2.3) reads as follows: Find Uy € U such that
(2.5) AUy, v) = (A(z,Up)VUy, Vv) = (f,v) YveU.

For h > 0, let Tj, be a regular, quasi-uniform macroscale triangulation of Q [4, 7]
into simplices, where the mesh size h resolves the variations of 2, f, and the slow
variable of a.. Associated with T}, let Uy, C U be the finite element space of piecewise
linear functions over simplices so that for any v € U N H?(£2), there exists a v, € Uy,
satisfying the approximation property

(2.6) [ = vnllo + hllv = vallLa < Ch[v]i 0.
For any v € Uy, we define its local solution Ry (v) € HY(T), T € Ty, by

(a(z,z/e,v)VRr(v),Vw)y, =0  VYw e H(T),

2.7) Rp(v)=v on OT.

The global operator R is then given by

R(U)|T = RT(U) Yo elUy, T €Ty,.

It is easy to see that R(v) € U, v € Up,. Note that the local problem (2.7) is linear.
In the case without ambiguity in the context, the subscript T" in R will be omitted.
Define

Ap(v,w) = (a(z,z/e,v)VR(v), VR(w)), v, wE Up.

The multiscale finite element method (MsFEM) for (2.1) is as follows: Find u, € Up,
such that

(2.8) Ap(up,v) = (f,v) Yv € Up,.

Note that the major difference between (2.8) and the standard Galerkin finite
element method lies in the modification of the bilinear form, which needs the solution
of local problems (2.7). It is through these local problems and the finite element
formulation that the effect of microscales on macroscales can be correctly captured.
Since these local problems are independent of each other, they can be solved in parallel.
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For a linear counterpart of problem (2.1) where the coefficient a. = a(x, x/€) does
not depend on the solution u€, the following error estimate was obtained for method
(2.8) [5, 17):

us — R(un)|1,0 < C 3 (h+ )l fllo.c + 1/~ [Uolioo0 ¢ +
h

(2.9)
€
w = Rtun)lon < {0+ 1 floa+ 5 10ohmo |
provided that Uy € H2(Q) N W1>(Q).
Recently, Efendiev, Hou, and Ginting [12] studied convergence of the MsFEM for
a nonlinear problem analogous to (2.1):

(2.10) =V -a(z,u, Vu) = f.
Under the assumptions that a(z, u¢, Vu) = a(z/e, Vut) and

la(z,€)| < CleP,

(a(z,&) —a(x,§2), 61 — &) = Cl& — &,
(a(z,€),8) > C|EJP,

la(x,&1) — a(w,&)| < CH(1,8,p — 1 — 8)[61 — &,

where s > 0 and p > 1, the following error estimate was derived (see [12, Theorem
3.2]):

€\ T DE €\l |, 2
(2.11) lu—upllf 0 <C ((h) + (E) - hm) :

Obviously, the assumptions made on a. exclude the nonlinear problem (2.1). The
convergence result in [12] was obtained for the general nonlinear case (2.10); however,
there is no explicit convergence for the case considered in this paper because of very
weak assumptions made in the way the coefficients depend on u€. The aim of this
paper is to obtain error estimates for the MsFEM (2.8). In particular, we will derive
error estimates similar to (2.9) under much weaker assumptions on the coefficient a.
n (2.1). The error analysis is inspired by E [9] and E, Ming, and Zhang [10] for the
heterogeneous multiscale method.

3. Existence and uniqueness of a solution. It is known that the error anal-
ysis of the MsSFEM for the case h < € is different from that for the case h > €. In the
former case, the MSFEM has error estimates similar to those for the traditional finite
element method [5, 17]. It is the latter case that is of interest and is being investigated
in this paper. The argument below requires that € > 0 be sufficiently small.

Introduce the linearized differential operator at Uy

L(Up)v ==V - (A(z,Up)Vv + v Ay(z,Up) V) , ve HY(Q),
and the corresponding bilinear form

A(Up; v, w) = (A(x, Ug) Vo, V) + (vA,(z,Ug)VUy, Vw) Yo, w € H(Q),

where Ap(z,u) = V, A(z,u). We assume that this linearized operator is an isomor-
phism from H}(Q) to H=1(£2), and so Uy is an isolated solution of (2.5) and there is
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ho > 0 such that for 0 < h < hg [19],

(3.1) sup

> Collv1.0 Vv € Uy,
weth, |l

where Cy > 0 is independent of h.
For any v, vy, w € U, we define

R(v,vn,w) = A(vn, w) — A(v, w) — A(v; vp — v, w).
If v, v, € U satisty ||v]|1,00,0 + |Vn]l1,00,0 < M, then it follows from [20] that

(3.2)

1 1
lo.p) [IVw]log, eh=v =, ot o= 1.

[R(v, vm, w)] < COM) (|lenll? 2y + llenVen ;

It follows from the definition of R and (2.5) that u; € U, is the solution of (2.8)
if and only if

(3.3) A(U(); Uy — up, w) = R(Up, up, w) + Ap(up, w) — A(up, w) Yw € Uy,

Define
E(v,w) = Ap(v,w) — A(v,w) Yo, w € Uy,
and
E= oUW () ey m
The following equivalence will be used [5]:
(3.4) Cilvlir <|Rr()hir < Chlolir VT € Ty, v € Up,.

To prove existence and uniqueness of a solution to (A2.8)7 we introduce the projection
of Uy into U, through the linearized bilinear form A:

(3.5) A(Ug; PUy,v) = A(Up; Ug,v) Yo € U,

It follows from (3.1) that P,Uj exists and is unique for 0 < h < hg, and it satisfies [8]
(3.6) U0 = PuUoll1,00,0 < Ch,  ||Us — PalUpll1,0 < Ch

if Uy € W2°°(Q). When Uy € W23P(Q) (p > d), it holds that

(3.7) |Uo = PulUg||1.00.0 < CRI/P,

Finally, for a given z € 2, we define the discrete Green function Gf, € U, by

(3.8) A(Up; v, G}) = dv(x) Vv € Uy,

where dv indicates any of the partial derivatives dv/0z; (i = 1,2,...,d). This function
satisfies

(3.9) 1G]

1,1,0 < C| Inhl.
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THEOREM 3.1. Assume that L is an isomorphism from Hg(Q) to H='(Q) and
Uo € U NW?2P(Q) with p > d. In addition, assume that E is bounded and there are
constants C1 and hy such that for 0 < h < hq,

(3.10) B’ || < 0.
Then problem (2.8) has a solution uy satisfying

—1/2
lun — PaUgllr.coe < EV* + h1=4/P,

(3.11) a
llur, — Upll1,00,0 < C (E1/2 + hl—d/p) ]

Furthermore, if, for allvy,va € UyNW1>°(Q) and w € Uy, with ||v1]|1 000+ v2]l1,00.0 <
M, there is a constant {o(M), with 0 < {y < 1, such that

(3.12) |E(v1,w) — E(v2,w)| < Go(M)||vr — val|1,0llw

1,Q;

then this solution uy s locally unique.
Proof. We define the nonlinear mapping L : U, — U, by

A(Uy; L(v),w) = A(Uy; Uy, w) — R(Uo,v,w) + A(v,w) — Ap(v,w)  VYw € Up,.
This mapping is continuous using (3.1) and (3.2). We also define the set
B= {'U Uy : Jv— Pulplrcon < B+ hlfd/p}'

Note that, by (3.5),

A(Up; L(v) — PUg, w) = —R(Up,v,w) + A(v,w) — Ap (v, w) Yw € Up,.

Choosing w = G7 in this equation and applying (3.2), (3.7), (3.9), and (3.10), we see
that, with v € B and [|v]]1,00,0 < M,

H,C(’U) - PhUo

1002 < C(M) (U0 = 0|} o0 + E) [ Inh|
< C(M) (U = Puloll} oo 0 + 1PaU0 = v]F o o + E) | In 7]
< C(M) (h*724/P + E) |Inh|.

Because v € B and E is bounded (e.g., E < C;), we see that

[]1,00,0 < |lv — PrUol1,00,0 + || PrUo]|1,00,0

3.13 _
(3.13) <E? 1 oWy < 1 o) = G

Combining these two inequalities, we have

1£(0) = Puliolsce.0 < C(Co) (W*72%7 + ) [1n .
Defining Cy = 1/C(Cy), it follows from (3.10) that

I£®) = Pulloll1so < V2 + C(Co)h224/7| In .
Thus there is a constant ho such that for 0 < h < hy, we obtain

|£(v) — PrUoll1,00,0 < B/ oy
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Set hy = min(hg, he). Then, for 0 < h < hy, we see that £(B) C B. The Brouwer
fixed point theorem means that there is a uj, € B such that L(up) = up,.

To prove the uniqueness, let u,ll and u% be two solutions of (2.8). Then it follows
from (3.3) that

(3.14) A(Uo;ui —uj,w) = A(UO; Up — up,w) — A(Uo; Up — u3,w)
. =R (U, u},, w) — R(Up,ui,w) + E(u},w) — E(u?,w).
Because both u} and ui are in the set B, it follows from (3.13) that ||u}|1.c0.0 +
lu?]]1,00,0 < 2Co, which, together with (3.1), (3.12), (3.14), and Poincaré’s inequality,
implies that

1,0 < ¢o(2C0) lup — ui 1,0

luy, — iy
Since (y < 1 via assumption, then u}L = u%. Therefore, the solution uy is locally
unique. 0

4. Improved error estimates for nonlinear problems. The main result in
this section is stated in the next theorem. The multiscale finite element solution wuy,
used below refers to the one that satisfies the conditions in Theorem 3.1. To avoid

unnecessary techniques, we perform an error analysis when system (2.7) is replaced
by

(a(zr,z/e,v(zr))VRr(v),Vw)p, =0  VYw € H(T),

(4.1) Rr(v)=v on 0T,

where xp is any point in T € T}, (e.g., the barycenter of T).
THEOREM 4.1. Let Uy and uy be the solutions of (2.5) and (2.8), respectively,
and Uy € W%>(Q). Then there is hg > 0 such that for 0 < h < hy,

€ €
(42) ||U0 — ’LLh”LQ S C <h+ \/;) 5 HUO - Uh||17oo7Q S C (h+ \/2) |lnh\,

provided that €/h is sufficiently small.
This theorem can be shown by combining the next two propositions.
PRrROPOSITION 4.2. In addition to the assumptions of Theorem 3.1, let Uy €
W222(Q). Then there are constants Cy (see the proof below) and hg > 0 such that if
Cy < Cy and 0 < h < hg, then

43) U —unlio<C(h+E), [[Us—unlhoon<C (h+E)|lnhl.

PROPOSITION 4.3. Under the assumptions of Theorem 4.1, if \/¢/h|Inh| is suf-
ficiently small, then conditions (3.10) and (3.12) hold. Moreover,

— €
. < —.
(4.4) E<Cy/;

Proof of Proposition 4.2. Taking w = P,Uy — up, in (3.3) and using (3.1), (3.2),
and (3.6), we see that

(4.5) [1PhUo — unlli,o < C (|Uo = unli g0 + E +h).
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Applying an interpolation inequality, we have
(4.6) 100 = unlli a0 < U0 = unllr.ellUo — unllr.cc.0,
which, together with (3.6) and (3.13), yields
|Pulo — unllia < Cs (B +n1=2) ||y — un 0+ C (h + E) .
Choosing w = G7 in (3.3) and using (3.2), (3.6), and (3.9), we have

1PLUs — un 1,000 < Ca(E + h)|Inh||| PuUo — upl|1,00.0
+C (10 = unlf o0 + E +h) [Inh].

From (3.6), (3.7), and (3.10) it follows that

—1/2 _
1P Us — unll1se0 < Ca(E* + B1=4/7) | In h|||PoUo — unl1.00.0
+C(E+h)|lnhl.

Now, we set

. [Inh| 1
Cz_mm(wg 20,

and choose hg such that E1/2| In h| < Cy. With these two choices, we obtain

| PnUo — upll10 < C (th) ,
[1PnUo — un 1,000 < C (E 4 h) | Inhl,

which, together with (3.6), gives the desired result. 0
Proposition 4.3 can be proven from the next three lemmas.
LEMMA 4.4. For v,w € Uy, we have

(4.7)
[R(v) — R(w)h,r < C([lv—wlo,ccr[[vl1r + [whr] + v —wlhr), T€Th

Proof. Tt follows from (2.2) and (4.1) that

(4.8)
CIR(v) ~ Rw)f} r < (a (27, %, v(ar) ) VIR() — R(w)], VIRO) - R(w)])
=Ji + Jo,
where
= (a(2r, % 0(en)) VRO) = a (21, % wiar) ) VR@), Vo —w))
Jo == ([a(2r, % 0(en)) = a (vr, 2 wen) ) | VRW), VIR@) - RW)]) .

Note that
Ji = ([a (xT, %,v(xT)) —a (xT, %,w(mﬂ)} VR(),V(v— w))

+ (a (acT, % w(xT)) V[R() — R(w)], V(v — w))

T

T

267
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As a result, using (2.2), we bound J; and J as follows:

(0)l, (v) = R(w)l,7) [ — w7,
(W)l 7| R(v) = R(w)]1,2-
Substituting these two bounds for J; and J> into (4.8) and using (3.4) implies the

desired result (4.7). O
For v,w € Uy, we define

|| < C(flv—w
|Jo| < Cllv—w

Q) @%, »ggm.
Set 0.(v) = R(v) — Q(v) and 0. (w) = R(w) — Q(w). Note that

)

( (:CT, —,v xT)) V96(0)> =0 in T,

v) = —ezx’“ <$T7 gU(OCT)) % on T,
k=1 /

and an analogous definition can be given for 6. (w). These two quantities satisfy [5, 17]

C\/E |w|1,T7

(4.10) |0c(0)l1r <C |6 (w)

which hold because Vv and Vw are piecewise constant.
LEMMA 4.5. For v,w € Uy, we have

(4.11)
€
0c0) = Bw)lr < O (o = vl
Proof. Let & € C§°(T), 0 < & < 1, be a cut-off function in T such that & =1

outside a e-neighborhood of the boundary 97T and |V¢.| < Ce™! with C independent
of e and T'. Define, for v € Uy,

1+ wlir)+ v —whr), T €T,

d
x ov
pev) = 0cv) + € Yox* (2r, 7 0(er)) (1 - &)
k=1
and a similar meaning can be given for ¢ (w), w € U,. Calculations show that

C|906(U) - Qpe(w)h,T
< max[a(zr, z/e,v(@r)) — a(zr, /6, w(wr))] (9e(v) = (V)7 + [pe(w)h7)
+r;1€a%( |a’<IT’ ‘r/€7 ’LU(.’IIT))| |<p6(’U) - QE(U) - @e(w) + Ge(w)h,T

foc0) = 001 < O Sl Tecw) = @) < O Sl

and
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€
W <0/

Also, using (4.10), we see that

lpe(w)lir < lpe(w) = Oc(w)y,

Observe that
Pe(v) = Oe(v) — pe(w) + O (w)

d
e BV o
5 0 o o) o Eten) 20—
O(v—w)
y 1- €
GZX <$T wa)) O ( €e)-
Consequently, by the continuity of {x*}¢_,, we see that

|pe(v) = Oe(v) = pe(w) + Oe(w) 1,7 < C\/E(Ilv = wlo,co,r V17 + v —wh,T) .

Combining these inequalities gives the desired result (4.11). 1]

The next lemma indicates that E(-,-) has certain continuity with respect to its
first argument.

LEMMA 4.6. For vy, ve,w € Uy, satisfying ||v1]l1,00,0 + [|V2]l1,00,0 < M, we have

€
(4.12) |E(v1,w) — E(vg,w)| < C(M)\/;Hvl —wlhalwha T €T

Proof. Define [ = [h/€], and let Ij. be the cube of size le at z7. By the definition
of R(v1) and the relation that R(vi) = 0.(v1) + Q(v1), we see that

(a(xT,m/e,vl(xT))VR(vl),VR(w))T = (a(xT,x/e,vl(xT))VR(vl),Vw)T
= (a(zr,z/e,v1(x7)) V[be(v1) + Q(v1)], Vw),,
Also, note that

|117| (a (a:Tv %m(xT)) VQ(v1), Vw) = Vuw - A(zr, vi(z7)) Vor.

le

Then E(v1,w) — E(ve,w) can be split as follows:

(4.13) E(vi,w) — E(vg,w) = Y (E(vi,w) — E(va,w)) |r = Y _ (Js+Ja),

TET), TET,
where
Js = (a (a:T, %,vl(:cT ) (xT, m, g(xT)) V@e(vg),Vw)T,
Jy = (a (xp%,vl(xq« )VQ v1), )T
_ |IITZ| (a (. f,vl(xT)) VQ(11),V >zl5

- (o (or. L a(or)) ¥QUuz). V)
2o,

€
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It follows from Lemma 4.5 that

€
(4.14)  |J3| < C\/;(m — vallo,00,7 [|V1]1,7 + [v2|1,7] + [v1 — v2|1,7) w17

The term J; can be rewritten as follows:

Jy = — (||lf|d - 1) (a (xT, %,’Ul(l‘T)) VQ(vi) —a (-TTa §7U2($T)> VQ(v2), Vw>T

b (o Zomten) 900 = .2 ton) 900, 5)

T\I;e .

Then it can be bounded by

€
(4.15)  [Ja] < € (llvr = valloco,r [Jorlir + o2l z] + for = valur) [wlr.
Applying an inverse inequality, we see that

Lr < Chy?[lor — vallo.rhi |

= C|lv1 — vallo,7llv1]l1,00,7>

(4.16) o1

since Vuy|r is a constant. A similar result holds for ||v; —
(4.14)—(4.16) into (4.13) implies the desired result. a
Proof of Proposition 4.3. Taking vo = 0 in (4.12) generates (4.4). Also, if

v/€/h|In h| is sufficiently small, E1/2| In h| can be made smaller than any given thresh-

old, and so (3.10) holds. Finally, choose (o(M \/e/ Then if \/¢/h|Inh| is
sufficiently small, (o(M) < 1, and thus (3. 12) is verlﬁed

5. An oversampling technique. Note that estimates (4.2) deteriorate when
€ is of the same order as the mesh size h. This phenomenon reveals a “resonance
error” between the grid scale h and the scale € of the continuous problem (2.1). This
resonance is due to a mismatch between the local solution of (2.7) and the global
solution of (2.1) on the boundary of each T € T},, which produces a boundary layer.
Since this layer is thin, we can sample in a (local) domain with size larger than h
and utilize only the interior sampled information. In this manner, the influence of the
boundary layer in the larger domain can be greatly reduced. In this section, we extend
an oversampling technique for linear problems [13, 16] to the nonlinear problem (2.1)
in order to reduce the resonance error in (4.2).

For each T' € T}, we indicate by S(T') a macroelement which contains 7' and
satisfies the following condition: There are positive constants C3 and Cy, independent
of h and ¢, such that hg < Cshr and dist(9S,9T) > Cyhy. For each v € U, (T), we
extend it to Uy, (S) as follows. Let {¢7}¢7! and {4719 be the respective bases of
Up(T) and Up(S). Set

d+1 d+1

T T T T .S
UT:ZQ bis b :Zciﬂz}j |7
i=1 j=1

Then we define ¥ € U (S) by

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/01/14 to 136.159.119.111. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

ANALYSIS OF THE MULTISCALE FINITE ELEMENT METHOD 271
Now, for any v € Uy, we define Rg(v) € HY(S), T C S, T € Ty, by

(a(z,z/€e,0)VRg(v),Vw)g =0 Vw € HE(S),

(5-1) Rs(v) =70 on 0S.

The global operator R is defined by
R()lr = Rs(v)|lr  Yv €Up, T € Tj.

The oversampled MSFEM for (2.1) is to seek wuy, € Uy, such that

(5.2) > (a(z,z/e,un)VRs(r)(un), VRs(r)(v)) p = (f,v) Vv € Up.

TeET)

The existence and uniqueness of a solution to (5.2) can be shown in Theorem 3.1.
Furthermore, combining the error analysis in the previous section and that for the
oversampled MsFEM for linear problems given in [5, 13], the following improved error
estimates can be shown as in Theorem 4.1.

THEOREM 5.1. Let Uy and uyp, be the solutions of (2.5) and (5.2), respectively,
and Uy € W3>(Q). Then there is hg > 0 such that for 0 < h < hy,

€ €
(53 o—urla<C(h+7). IUo—unlhocn<C(h+) mhl
provided that €/h is sufficiently small.

Note that while these estimates improve those in (5.15), resonance persists.

6. Approximation to u€. Theorems 4.1 and 5.1 show that the multiscale finite
element solution uy, of (2.8) is a good approximation of the macroscopic solution Uy.
We now consider an approximation to the solution u¢ of (2.1).

Define R(uy,) as the solution of (4.1) with v replaced by up:

(a(zr,xz/e,up(xr))VRr(up), V) =0 vw € HY(T),

(6.1) Rr(v) = uy, on OT.

Applying (2.4), Ry (up) satisfies

d

x ou
(6.2) VRr(u) = Vur + Y Vyx* (o7, L un(ar) ) 528 + Vo.(w), T €T
1 € T
Also, define the first order approximation of u{ by
¢ x U,
€ _ k i -~
u§ = Uy + E;X (x, 6,Uo(ac)) 02,
Clearly,
d
8U0 8Xk 8U0 aUO
6.3 ¢ =V b MY =+ e ——VU, W— ¢t
(6.3) Vu$ =V 0+kz_1{(eVX + Vyx"¥) O +68U0 aka 0+ €ex e
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Combining (6.2) and (6.3) gives
(6.4)
lu§ — R(un)|li,r < C (|Uo — unlr,r + € [||Uo]

2,7 + |\Uo||i4,ﬂ) +10c(un) |11

zd: [Vyxk (xT, %,uh(xT)) _ Vka (x, %7[]0(3:))] Uy

+ —_—-
el 8$k

0,7

< C{|U0 —up|i, 7+ |Uo — unl1,00,7|Uol1,7 + |0c(un)|1,7

+ (e + h) (||Uo]

2,7+ HUOH%A,T + |Uol1,00,7|Uol1,7) }

A classical estimate for u® — u§ [2, 3, 22| gives
(6.5) Ju — w10 < OVE
Finally, combining (4.2), (4.10), (6.4), and (6.5), we obtain the next theorem.

THEOREM 6.1. Let u® be the solution of (2.1), R(up) be defined by (6.1), and
Uy € W2>(Q). Then there is hg > 0 such that for 0 < h < hg,

(6.6) u€ — R(un)|10 < C <h+ﬁ+ ﬁ) IInhl,

provided that €/h is sufficiently small.

Note that estimate (6.6) is similar to (2.9) obtained for a linear counterpart of
(2.1). The oversampling technique discussed in the previous section can also be applied
to (6.1).

7. A random homogenization problem. In the previous sections we have
assumed that the coefficient a. in (2.1) is periodic. In many problems such as in
porous media flows [6], this coefficient is often random. In this section we extend
the multiscale finite element analysis performed for the nonlinear problem (2.1) to a
multiscale problem with a random coefficient.

Let (D, F, P) be a probability space and a(y,w) = (a;;(y,w)) be a random field,
y € RY w € D, whose statistics is invariant under integer shifts. Furthermore, let a
satisfy the uniform ellipticity condition (2.2); i.e.,

d
(71) a*‘C|2 S Z aij(:%"‘j)CiCj S a*|<‘2 Yw S Da Y, C S Rda

ij=1
for some positive constants a. and a*. Problem (2.1) now takes the form
V- (a(z/e,w)Vu) = f in Q,

7.2
( ) u¢ =20 onlI.

7.1. Homogenization results. We collect some homogenization results for
problem (7.2), following [21]. As in (2.4), let X satisfy [18]

d
(7.3) Aﬂmmmww:Zéﬂmw

i=1
and V7 is assumed to be stationary under integer shifts. x’ is generally not sta-
tionary.
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Define the average operator with respect to the measure P (mathematical expec-
tation)

W=k [ o)

Also, define
1
[)m = [osm] = —5 o v(y) dy.
The homogenized coefficient A is given by
(7.4) A= (a(Z+Vx)),

where 7 is the identity matrix and x = (x', x2,...,x9)7T.
For any p > 0, we consider the auxiliary problem

09gi

(75) =V (aly,w) Vyu) + pu = Z By

where
gie{v:<v2>§G2}, 1=1,2,...,d,

with v a random field whose statistics is stationary under integer shifts.

For each fixed realization of {a(y, )}, let 1, be the diffusion process generated by
—Vy - (a(y,w)V,) and starting from z at ¢t = 0, and let M, be the expectation with
respect to n,. Set

89¢
—pr
/ Z 3%
It is known [14] that the solution of problem (7.5) is
up(r) = MpI'(00).

Lemmas 7.1-7.3 and 7.5 below can be found in [21] and Lemma 7.4 in [10]. Note
that the homogenization results in [21] may be overestimated because they are based
on the Green function estimates that are not required for the computation of effective
coefficients. Because of this, the convergence result here may be overestimated as
well.

LEMMA 7.1. For the solution u, of (7.5), there are constants C > 0, independent
of p, such that

([ Vu, ) + p(u2) < C{|g|?),

(7.6) <(MxF(oo))2>l/2 e

p
CG® s,
(Mo (T(o0) = T(s)*) < = =7,

where g = (g1, 92, - - - ,gd)T-
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Due to the presence of the lower order term pu, the Green function associated
with the differential operator —V, - (a(y,w)V,)+p in the left-hand side of (7.5) decays
exponentially with a rate of order O(/p). To be specific, define

_11/2
By = {a e R oo < pm 20017

where ||z]|0 = max{|z;|,i =1,2,...,d}.
LEMMA 7.2. Let t be the first exit time of B, starting at v € B,, and define
Uy(x) = MyI'(t). Then, if p is small enough,

1|2

E/ lup(z) — t,(2)|? de < OG2e=ClMme”
lz]lec <10
1‘2

]E/ V() = Viiy(2)* de < OGP 10
le]loe <1

LEMMA 7.3. Let {a', g} and {a?, g} be two sets of data satisfying

{a'().g' W)} ={’W).4*W)}, v¢B,

1

where B C R? is a domain, and u,

and u,% be the respective solutions of (7.5) associated
with {a', g'} and {a?, g?}. Then

L) —u?(x)]? dx g 2 ul(2)]? ) dx
[ ) = @P do < S [ (6 Vi @) Tp(a) o

where Ig is the indicator function of B.

For a subdomain B C R?, denote by ®(B) the o-algebra generated by the param-
eters {a(y,w) : y € B}. Let ¢; and (2 be two random variables that are measurable
with respect to ®(B;) and ®(Bs), respectively. We will use the exponential decay
condition

(7.7) IE(¢1¢2) — E(G)E(G)| < em@astBrB2), JEe2 ) JECS.

This type of exponential decay condition is often used for geostatistical models [15].
LEMMA 7.4. Under condition (7.7), we have

G2 \lnp_l\Q —12
. 2 —Cllnp™*|
E [u,;m] SC’(p <p1/2m>+e )

LEMMA 7.5. Let x, = (Xz,x,%, e Xg)T, where X', is the solution of (7.5) with

g =(ai,ap,..., aid)T
Under condition (7.7), for any 0 < XA < 1/2, we have
A = (a(Z + Vx,)) | < Cpld=2720/0+D),

where | - | represents a matriz norm.
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7.2. The MsFEM. Note that the definition of the MsFEM (2.8) does not utilize
any periodicity or macroscopic model. Thus, in the random case it can be defined in
the same manner as in the periodic case. That is, for any v € Uy, we define its local
solution Ry (v) € HY(T), T € Ty, by

(acVRr(v),Vw), =0  Yw e HJ(T),

(7.8) Rr(v)=wv on 0T

Define

Ap(v,w) = Z (a€VRT(U),VRT(w))T, v, w € Uy.
TET

Then the MSFEM for (7.2) is as follows: Find u;, € Uy, such that
(7.9) Ap(up,v) = (f,v) Yv € Up,.

THEOREM 7.6. Let Uy and up, be the respective solutions of (2.5) and (7.9), where
the homogenized coefficient A is now given by (7.4), and Uy € W2>>°(Q). Then, under
condition (7.7), we have

E [T —unllie < C (h+ (%)“) ,
(7.10) E [|[Uy — unlloo < C (h2 + (%)3 ;
E |Uo — unl1,000 < C (h+ (%)K) |Inhl,
where
L 25_7121 ifd=3,
% ifd=1

for any 0 < XA < 1/2.
Note that the case d = 2 remains open. This theorem can be proven by combining
the next two propositions. As in the nonlinear case in the third section, define

o y |Ap (v, w) — A(v, w)]
v,weldn [v]1,elw|10

PROPOSITION 7.7. Let Uy and uyp, be the respective solutions of (2.5) and (7.9),
and let Uy € W3>(Q). Then

||U0 — Uup, |1$Q < C(h-‘rE),

(7.11) K
||U0 — uhHoﬂ <C (h2 + E) .

Furthermore, if there is a constant Cs such that E|Inh| < Cs, then there is a constant
ho such that for any 0 < h < hg,

(712) ||U() — uh||1’oo’g <C (h —‘rE) |lnh\
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PROPOSITION 7.8. Under condition (7.7), we have
(7.13) EE <C (%) ;

where K is defined as in Theorem 7.6.

As in (3.8), for a given z € (2, we define the Green function G* € H{ () and its
discrete counterpart G € U, by
A(G®,v) = Ov(x) Yo € HHQ),

(7.14) A(GF,v) = Ov(x) Yv € Up,.

They satisfy

(7.15) 1G= - G=

11,0 <0, [|Gillie < Clnhl.

Below P, indicates the standard Lagrange interpolation operator from Hg () into
Uy,.
Proof of Proposition 7.7. It follows from the first Strang lemma [7] that

. A(v,w) — Ap(v,w
U — upll1,0 < C inf <||U0—v||1,g+ sup |A( ) ( )|) .
vEUn, wely, w10

Taking v = P,Upy and using the definition of E implies the first inequality in (7.11).
The second inequality in (7.11) follows from a standard duality argument [4, 7].
To prove (7.12), using (7.14), we see that

AUy — up)(z) = A(G®, Uy — PyUy) + A(G®, P,Ugy — up)
= A(G* — G, Uy — PyUg) + A(GE, Uy — up)
= A(G* — GF, Uy — PUy) + Ap(up, G3) — A(up, GY)
= A(G* — GF,Uy — PyUy) + (An(PrUy, GF) — A(PrUy, GY))
+ (Ap(up — PrUy, GT) — A(up, — PuUo, G3)) ,

which, together with (7.15), gives

1Uo — unll1,00,0 < C||Up — PraUo||1,00,0 + |An(PrUs, G§) — A(PrUy, GF)|

7.16
( ) +|Ah(uh 7PhU0,Gﬁ)7A(uh *PhUOaGﬁ)|~

Applying (7.15) again and an inverse inequality, we have
(7.17) |An(PuUo, GT) — A(PyUy, G7)| < CE|Inh|||Usl|2,00.0-

A similar argument yields

(718) |Ah(uh — PhUo, Gi) - A(uh - PhU07 Gi)|

S CE| In h| (HUO — Uh”l,oo,Q + hHUo| 270079) .
Substituting (7.17) and (7.18) into (7.16) implies that
(719) ||U() — Uh”l,oo,Q S C (h +E| 1nh| +E‘ 1nh|HU0 — uh”l,oo,ﬂ) .

If E|Inh| < Cs = 1/(2C), the desired result (7.12) follows from (7.19). O
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Proof of Proposition 7.8. Let m = h/(2¢), and let x?, be the solution of (7.3) on
[0, m]?, with the boundary condition x7, = 0 on 9[0,m]%. Set Xm = (X5, X205 - - > X&) T

u can be similarly defined using (7.5). Then it follows from the definition of E that

(7.20) E= A= [a(Z + Vxm)|m| < C(F) + F> + F3),
where

Fy = A= [a(T 4 Vuy)lml,
Fy = |[a(Z + Vu,) — a(Z + Vul)]ml,
Fy, = H(IV(UZI — Xm)|ml-

Note that
B = [A=(a(Z + Vu,)) + [¢lml;
where ¢ = (a(Z + Vu,)) — a(Z + Vu,). It follows [21] that
o < o (e P\
2

which, together with Lemma 7.5, gives

- /2
(7.21) EF, < C | Gpld-2-20/+d) | M
. 1S T .

Let ¢, be the first exit time of the domain [0, 2m]?. Then u2™ = M,I'(t,,), and
for any s > 0,
lup — w2 = | M, (T(c0) = T(tm))|
< M, {‘F(OO” + |F(tm)| ttpm < 5}
+ MT {e*spMP(s)u—‘(OO) — F(tm)‘ Tty > 5}
< C (M, ((T(50))% + (TC(tm))2)) " (Po{t < s}1/2 4 e=50).

Because Py{t;,, < s} < e_Cm2/s, we see that

CG? 2
E U“ﬁ _ uim|2]2m < T (e—cm2/s _|_e—sp>
whose optimization in s gives
CcG*
E [Ju, — u§m|2]2 < emCmet,

m — p2

Now, it follows from standard interior estimates that

172 C 1/2
(722) EFR<C (E [V (u, — “Zn)|2]m> <= (E lluy — 2™ 2] 2m>
CG2

< 2T —Cmpt/?
mp
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Also, in an argument similar to that for Fj, we have

_1)2\ 4/2
m Emeo(opeen  (e)
p/2m

Finally, substituting (7.21)—(7.23) into (7.20) generates

d/2
) + g6*0m91/2
mp

—1p2
EE < C [ G2pld—2-20)/(4+d) | <|1nl72|
p/2m

Optimizing in p with respect to the first two terms of this inequality, we see that

po = m— )/ (d+18),

where 8 = (d —2 —2))/(d + 4). Consequently, we obtain

d 2 d
(724) EE <C <|lnm| + Ge—C'mp(l)/2> < CM,
me mpo mr
where
d/2 1
=————-, 0<A<_.
d(d+4)/4°
1+ 45 z

Absorbing the factor |Inm|? into m* in (7.24) yields the desired result (7.13) for
d=3.

For d = 1, a direct evaluation gives
C

)

m

where C' is independent of m, which yields (7.13) with x = 1/2. a

EE’ <

Acknowledgment. The authors would like to thank the referees for their com-
ments that led to great improvements in content.

REFERENCES

=
=

. ARBOGAST, Analysis of a two-scale, locally conservative subgrid upscaling for elliptic prob-
lems, SIAM J. Numer. Anal., 42 (2004), pp. 576-598.
. BENSSOUSAN, J. L. LiONs, AND G. PAPANICOLAOU, Asymptotic Analysis of periodic Struc-
tures, North—-Holland, Amsterdam, 1978.
. BocCARDO AND T. MURAT, Homogénéisation de problémes equasi-linéaires, Publ. IRMA,
Lille, 3 (1981), pp. 1-17.
[4] Z. CHEN, Finite Element Methods and Their Applications, Springer-Verlag, Heidelberg, New
York, 2005.
[5] Z. CHEN, Multiscale methods for elliptic homogenization problems, Numer. Methods Partial
Differential Equations, 22 (2006), pp. 317-360.
[6] Z. CHEN, G. HUAN, AND Y. Ma, Computational Methods for Multiphase Flows in Porous
Media, Comput. Sci. Eng. 2, SIAM, Philadelphia, 2006.
[7] P. G. CIARLET, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,
1978.
[8] J. DouGLAs, JR., AND T. DUPONT, A Galerkin method for a nonlinear Dirichlet problem, Math.
Comp., 29 (1975), pp. 689-696.
[9] W. E AND B. ENGQUIST, The heterogeneous multiscale methods, Commun. Math. Sci., 1 (2003),
pp. 87-132.

S
>

=
e

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/01/14 to 136.159.119.111. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

(10]
(11]
[12]
(13]
(14]
[15]
[16]
(17]

[18]
[19]

[20]
(21]

(22]

ANALYSIS OF THE MULTISCALE FINITE ELEMENT METHOD 279

W. E, P. MING, AND P. ZHANG, Analysis of the heterogeneous multiscale method for elliptic
homogenization problems, J. Amer. Math. Soc., 18 (2005), pp. 121-156.

Y. R. EFENDIEV, The Multiscale Finite Element Method (MsFEM) and Its Applications, Ph.D.
thesis, California Institute of Technology, Pasadena, CA, 1999.

Y. R. ErFenDIEV, T. Hou, AND V. GINTING, Multiscale finite element methods for nonlinear
problems and their applications, Commun. Math. Sci., 2 (2004), pp. 553-589.

Y. R. EFENDIEV, T. Y. Hou, AND X.-H. Wu, Convergence of a nonconforming multiscale finite
element method, SIAM J. Numer. Anal., 37 (2000), pp. 888-910.

M. 1. FREIDLIN, Functional Integration and Partial Differential Equations, Princeton University
Press, Princeton, NJ, 1985.

M. I. FREIDLIN AND A. D. WENTZELL, Random Perturbations of Dynamical Systems, 2nd ed.,
Springer-Verlag, New York, 1998.

T. Hou aND X. Wu, A multiscale finite element method for elliptic problems in composite
materials and porous media, J. Comput. Phys., 134 (1997), pp. 169-189.

T. Hou, X. Wu, AND Z. Ca1, Convergence of a multiscale finite element method for elliptic
problems with rapidly oscillating coefficients, Math. Comp., 68 (1999), pp. 913-943.

S. M. KozLov, Homogenization of random operators, Math. USSR-Sb., 37 (1980), pp. 167-180.

A. ScHATZ, An observation concerning Ritz-Galerkin methods with infinite bilinear forms,
Math. Comp., 28 (1974), pp. 959-962.

J. Xu, Two-grid discretization techniques for linear and nonlinear PDEs, STAM J. Numer.
Anal., 33 (1996), pp. 1759-1777.

V. V. YURINSKII, Averaging of symmetric diffusion in random media, Sibirsk. Mat. Zh., 23
(1982), pp. 176-188 (in Russian); Siberian Math. J., 27 (1986), pp. 603-613 (in English).

V. V. ZHikov, S. M. Kozrov, AND O. A. OLEINIK, Homogenization of Differential Operators
and Integral Functionals, Springer-Verlag, Heidelberg, 1994.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



