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1. Introduction

E and Engquist introduced the heterogeneous multiscale method (HMM) for efficient numerical solution of problems
with multiscales [1] (also see a recent review of HMM [2]). This multiscale method consists of two components: an
overall macroscopic solver for macrovariables on a macrogrid and an estimation of the missing macroscopic data from
the microscopic model. Numerical experiments and analysis have shown the potential of the HMM when the macroscopic
solver uses finite difference and volume methods [3,1], finite element methods [4], mixed finite element methods [5], or
discontinuous Galerkin methods [6]. The purpose of this paper is to present the HMM with these macroscopic solvers in a
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unified framework so that it also applies to other numerical discretization methods such as nonconforming, control volume,
and mixed covolume finite element methods. These methods have not been studied in the HMM setting.

The finite difference HMM was studied in [3,1] from the original definition of finite differences. This method and the
finite volume HMM can be treated in the context of the discontinuous Galerkin HMM when the trial and test functions are
piecewise constants [6].

The analysis of the finite element HMM was given in detail in [4]. Here we generalize it to the control volume finite
element HMM. The standard finite element method does not conserve mass locally, but the control volume finite element
method does. With this generalization, the analysis also includes an application of the HMM to the finite element and finite
difference box methods [7,8].

We extend the analysis of the mixed finite element HMM [5] to the mixed covolume HMM. The mixed covolume method
has been developed in parallel to the mixed finite element method [9,10]. But it is often observed that the former produces
smaller solution errors [11]. In addition, unlike the latter that uses a primary grid, the mixed covolume method uses a
conservation law on a primary volume grid for a scalar variable and a constitutive law on a dual volume or covolume grid
for a vector variable.

The discontinuous Galerkin HMM was studied in [6] for hyperbolic and parabolic problems. Here we develop and study it
for elliptic homogenization problems as well. The discontinuous Galerkin method uses completely discontinuous piecewise
polynomials. Recently, there has been increased interest in this method because of its localizability and parallelizability [12,
13]. The nonconforming finite element method uses piecewise polynomial basis functions that are continuous at certain
points on interelement edges or faces [12,14]. It has received considerable attention in solid and fluid mechanics because it
involves much fewer degrees of freedom than the standard (conforming) finite element method. Here we propose and study
the nonconforming finite element HMM. As example, in this paper we perform an error analysis in detail for this method
for linear and nonlinear periodic and random homogenization problems.

The paper is organized as follows. In the next section we present the HMM in an abstract framework. Then the
standard finite element, nonconforming finite element, control volume finite element, mixed finite element, mixed
covolume, discontinuous Galerkin, and finite difference HMMs are, respectively, described in the third to ninth sections.
The nonconforming finite element HMM for nonlinear and random homogenization problems is studied, respectively, in
the tenth and eleventh sections.

We end with a remark that closely related multiscale methods, the multiscale (or mixed) finite element methods were
developed in [15-17]. In particular, the multiscale finite element method (MsFEM) captures the effect of microscales on
macroscales through modified bases [17] or through the modification of bilinear (quadratic) forms in the finite element
formulation [5]. Its detailed analysis was carried out in [5,18-20]. As a general remark, the generic constant C is assumed
to be independent of the mesh size H and the microscale € throughout this paper. Finally, for numerical experiments of the
HMM with different macroscopic solvers, the reader should refer to [21,22].

2. The HMM
2.1. Preliminaries

Let £2 be a bounded domain in R%, 1 < d < 3, with Lipschitz boundary I'". For a subdomain D C £2, each integer m > 0,
and each real number 1 < p < oo, W™P(D) indicates the usual Sobolev space of real functions that have all their weak
derivatives of order up to m in the Lebesgue space L? (D). The norm and seminorm of WP (D) are denoted by || - || p,p and
| - |m,p,0, respectively. When p = 2, W™P(D) is written as H™ (D) with the norm || - ||m,p and the seminorm | - | p. We also
use the space

Hy(D) = {v € H'(D) : v|sp = 0}.
In the mixed finite element method, we will exploit the space
H(div,D) ={r e (*(D))*: V-1 € ’(D)}, 1=<d<3,

with the usual norm
1/2 .
Itlln@ivo = {lITllp + IV -Tl5p} . T €H(div, D).

For arectangle D, we indicate by CS;(D) the set of C* periodic functions with period D, and by H;er(D) the closure of ngr (D)
under the H'-norm. For a given space H (D), we indicate by H (D) the subspace of H(D) with zero integral mean over D.
In this and next seven sections, we consider the second-order elliptic problem
-V - (a.Vu¢) =f in$2,
(acvu) =1 (2.1)
u“=0 onrl,
where f € [?(£2) is a given function and a, = (a,-jx, x/e) is a symmetric, positive definite, bounded tensor:

d

an® <> ai(x,y)nin; < a*nf* Yy, n € R, (2.2)
i,j=1
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for some positive constants a, and a*. In the next seven sections, we assume that a(x, y) is smooth and periodic in y with
period Y = [—1/2, 1/2]% In problem (2.1), the multiscale feature is reflected in the oscillatory nature of the coefficient a,
for ¢ <« 1, which represents the microscale. For simplicity, we consider the homogeneous Dirichlet boundary condition
in (2.1).

2.2. The HMM

A standard numerical method consists of discretizing the microscopic model (2.1) over the entire domain £2. To capture
the effect of the scales of interest, a large number of discretized equations are required if € is small compared with the
characteristic length of 2. The primary idea of the HMM is to use both microscopic and macroscopic equations or models
even if the latter are not explicitly known. Suppose that a microscopic process, such as quantum mechanics or molecular
dynamics, describes the microscopic state variable u€, which is defined on a microscopic domain, and that a macroscopic
process describes a macroscopic state variable Uy, which is defined on a macroscopic domain. The two processes and
state variables are connected by the compression and reconstruction operators, Q and R: Qu¢ = Uy, RUy = u€, with the
property QR = I, where I is the identity operator. For example, when the microscopic process is described by kinetic
theory and the macroscopic process is described by hydrodynamics, the compression operator maps the one-particle phase-
space distribution function to the conserved mass, momentum, and energy densities; the reconstruction operator does the
opposite and is generally not unique [1]. The purpose is to approximate accurately the macroscopic state of the underlying
system by using a macroscopic grid that resolves its large scale.

The HMM consists of two components: an overall macroscopic solver for the macroscopic state variable Uy on a
macroscopic grid and an estimation of the missing macroscopic data from the microscopic model. The macroscopic solver
can be any reasonable numerical discretization method that will be concentrated on in this paper. If a macroscopic model
with a coefficient A existed

— V- (AVU)) =f in, (2.3)

then an accurate approximation to the macroscopic variable Uy would be sought through Eq. (2.3). That is, for H > 0, let
Ty be a partition of §2 into elements {T}, and, associated with Ty, a macroscopic solver can be chosen to solve (2.3) for an
approximation Uy:

£(Uy) =F. (2.4)

In the absence of an explicit representation such as (2.3), the missing macroscopic data for the macroscopic solver (2.4)
must be estimated from the microscopic model (2.1). For each T € Ty, let {x;} be certain points in T, and let u; be some
approximation to u¢ on x; + €Y. Then we estimate the missing macroscopic data at x; through some type of approximation
scheme .£:

L(Un) ~ L(w). (2.5)
The approximation u; is usually obtained by solving the original Eq. (2.1) on a small grid of x;+¢€Y, which resolves the e-scale.
Because the number of the e-cells x; + €Y is finite and the microscopic cell problems are independent, these problems can

be solved in a parallel fashion. In this paper we will focus on the choice of various macroscopic solvers £ and the estimation
(2.5) of the missing macroscopic data for these solvers.

3. Standard finite element methods
The most obvious choice for the macroscopic solver £ is the standard finite element method. The original finite element

HMM was developed in [1], and its detailed analysis was given in [4]. If we had the macroscopic model (2.3), the next step
in the finite element methods would be to evaluate the bilinear form

a(Uo, V) = (AVUp, VV), (3.1)
by some numerical quadrature:
a(Uo, V) & Y ITI Y i(AVUp) - YV (x), (32)

TeTy xeT

where (-, -) denotes the inner product in L?(£2) or (L>(£2))¢, as appropriate, w; > 0 and x; are the quadrature weights and
points in T, and |T| is the area or volume of T. In the absence of such an explicit expression, we must estimate the value of
the integrand in (3.1) at these quadrature points.

To explain the idea of the finite element HMM, for H > 0, let Ty be a regular, quasi-uniform macroscale partition of £2
into triangles, where the mesh size H resolves the variations of £2, f, and the slow variable of a.. Define

Vi = {v € Hy(2) : vlr € P(T), T € Ty},

where P, (T) is the set of polynomials of degree at most r > 1 defined on triangle T.
Foreach T € Ty and x; € T, we denote by V, the linear approximation of V € Vy atx;; i.e.,

Vix) =V(x) + VV(x) - (x — x).
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Also, set
A =X + €Y.
Now, for any V € Vi we define vf € V; + I:Iger(Al) by

(acVvf, Vw), =0 Vw € Hy(A), (33)

per

and approximate
(AVU) - VV(x)) ~ L (acVuf, Vy)
1 |Al| € 1 1 Al ’

where uj corresponds to U € Vy through (3.3).
Forany U, V € Vy, we introduce the bilinear form

auy(U, V) = ZZ‘WH (a.Vuf, Vof) ,

TeTy xj€T
Now, the finite element HMM is to seek Uyvm € Vy such that
ag(Uumm, V) = (f, V) VV € Vy. (34)
Comparing the finite element HMM (3.4) with the standard finite element methods, one sees the modification of the
bilinear form in the former, which needs the solution of local problems (3.3). It is through these local problems and the
finite element formulation that the effect of microscales on macroscales can be correctly captured. As noted, because these

local problems are independent of each other, they can be solved in parallel.
For the quadrature formula (3.2), we assume the rth-order numerical quadrature rule [23]:

L
/v(x)dx =TI Y wv®) YvePy o(T), TETy, (3.5)
T I=1
wherew; > 0,1 =1, 2, ..., L. For the case r = 1 we assume that this rule holds for v € P;(T).
It can be seen [4] that (3.4) admits a unique solution, which satisfies
IUnmmll1.2 < Cllfll-1.2- (3.6)

Moreover, if (3.5) holds and Uy is sufficiently smooth, it can be proven [4] that
lUo — Unmmll,e < C(e +H"),
[Uo — Unmmllo.2 < Ce +H™),

where Uy € H(} (£2) is the solution of the homogenized problem

(AVUy, VV) = (f,V) VV € H)(£2), (3.8)
the homogenized matrix A = (A;) is given by

a0 = o / (a,J(x »+ ;‘ (azk ayk) x, y)) &y, (3.9)

and x/ satisfies

d
. 0 .
=V @V’ y)) = Fm a;(x,y), yeY, / X (x, y)dy = 0. (3.10)
i Y

i=1 !
It is well known that A is symmetric and positive definite. We will assume that x/(x,.) € W°°(Y), which is true if
aj(x, ) € WHE(Y), £ > 2 [24].
It follows from (3.7) that the finite element HMM solution Uyyy provides a good approximation to the macroscopic
solution Uy. We can introduce a simple reconstruction trick to retrieve the microscopic information from Uyy. We define

U
U, = Uyum + € Z ——um (3.11)

Then it can be checked [4] that

1/2
(Z [u¢ — u;ﬁT) <C(We+H), (3.12)

TeTy
lu€ — ufllo.e < Cle +H™).
In the subsequent sections we will extend the standard finite element macroscopic solver to other solvers.
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4. Nonconforming finite element methods

The most obvious extension for the macroscopic solver defined in the previous section is to the nonconforming finite
element methods. The nonconforming finite element HMM has not been considered before. Compared with the standard
(conforming) finite element methods analyzed in the previous section, finite element spaces used in the nonconforming
methods employ fewer degrees of freedom, particularly for a fourth-order differential equation problem. To see the idea,
however, throughout this section we will perform all proofs in detail for the lowest-order nonconforming finite element
space on triangles (respectively, simplices)[12,25] for the second-order problem (2.1). We point out that there is no technical
difficulty in extending all arguments to spaces of higher order and other types of nonconforming finite elements [26,12]. In
the lowest-order case, the nonconforming finite element space Vy is

Vy = {V € 12(2) : V|; € Pi(T), T € Ty; V is continuous at the midpoints of interior
edges (respectively, centroids of interior faces) and is zero at the
midpoints of edges (respectively, centroids of faces) on I'"}.

In the present case, if we had the macroscopic model (2.3), we would evaluate the bilinear form
ay(U,V) = ) (AVU, VV)r,
TeTy
by the numerical quadrature
ay(U.V) ~ Y [TIAVU) - YV (xr),
TeTy
where x7 is the barycenter of T € Ty. In the absence of an explicit expression for A, we must estimate the missing data at
xr, which are obtained by solving a microscale problem on a microscopic cell:
Ar = X7 + €Y.

Forany V € Vy, we define v§ € V + HJ..(Ar) by
(aGxr,x/©) Vi, Vw) , =0 VYw € Hy (Ar). (4.1)
Furthermore, for any U, V € Vy, we introduce the bilinear form

IT|
U, V)= o (aevug, Vi),
far, 141l

where u} corresponds to U € Vy; through (4.1). Then the nonconforming finite element HMM can be defined as in (3.4). In
addition, existence and uniqueness of the solution Uyyy € Vy can be shown as in the conforming case. In particular, the
following coercivity and continuity of ay (-, -) can be shown using assumption (2.2) and Eq. (4.1):

ap(V,V) > GIVI;; VV € Vy,

(4.2)
ay(U, V) < G|U[lV|s VYU, V € Vy,

1/2
where the constants C; and C; are independent of H and |V |y = (ZTeTH |vv ||(2),T> . It follows from (4.2) that the stability

result (3.6) holds as well. Below we focus on an error analysis of the nonconforming finite element HMM.
For the nonconforming finite element methods, it is known that the Céa lemma is no longer valid. The next Strang’s
second lemma [27] can be easily shown using (4.2) [12,14].

Lemma 4.1. Let Uy and Ugmy be the respective solutions of (3.8) and the nonconforming HMM solution. Then there is a constant
C > 0, independent of H and ¢, such that

ay(ITyUg, W) — (f, W
[IThUp — Upmmln < C{Vinvf [TyUp — V|y +  sup 195 (T Uo, W) = , W)) }, (4.3)
€VH

WeVy W0 Wy
where Iy is the standard interpolation operator into Vy.

In (4.3), the first term on the right-hand side is referred to as the approximation error, and the second term is called the
consistency error. The latter error stems from nonconformity.

Theorem 4.2. Let Uy and Uy be the respective solutions of (3.8) and the nonconforming HMM solution. Then there is a constant
C > 0, independent of H and ¢, such that

|Uo — Unmmln < C(e +H)If llo,2»

2 (4.4)
lUo — Unmmllo,2 < C(e +H)IIf llo,2-
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Proof. Because the conforming P; finite element space is a subspace of Vy;, we see that

inf |[TyUy — Vg < |[[TgUy — Uply + inf Uy — V]g < CH|Uglz, 2,
Vevy VeVy

so it suffices to bound the consistency error in (4.3).
It follows from (3.10) that the solution of the cell problem (4.1) has the explicit expression

) Lo W
vur = V"’GZX (XT»X/E)J,
= i

which, together with (3.9), implies that
— a(xr, x/€)Vvs = A(xr)VV, Ve Vy.
[Ar| Ja;

Consequently, we see that

T
||A|| (axr, x/€)Vug, Vi), = (AK)VU, VV)p, U, V €Vy, T € Ty
T

Let ug correspond to /7y Uy through (4.1). Then, using (4.8), we write

T
ay(MyUp, W) — (f. W) = Y 7] (acVug, Vwf), = (F, W)

TeT, |AT|
IT| C .
= TEZTH A ({ax, x/€) — a(xr, x/€)} Vug, VwT)AT
+ Y (AN VITyUs, YW); — (A®)VUy, VW);}
TeTy

+ ) (A® VU, VW)r — (F. W).

TeTy

Each of the terms in (4.9) can be estimated as follows. First, we have

T
Z % ({ax, x/€) — a(xr, x/€)} Vuy, ng)AT

IT|
<Ce Z [TUol1,a;I1W 11,4, < CelUgl1,|W .
= A

far, 141l

Second, we see that

> AR VITyUg, VW)r — (AX) VU, VW)1}
TeTy

= C(e+H) lUol2.2lWHh-

Third, application of the standard convergence argument for the nonconforming finite element method
consideration [12] yields

> (AR VU, VW) — (f, W)

TeTy

= CH|Uol2,2 W lx-

Substituting these three inequalities into (4.9), we see that

lag (ITyUo, W) — (f, W)| < C (e + H) [Uoll2,2 IW |1,

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

under

which, together with (4.3) and (4.5), gives the first inequality in (4.4). The second inequality can be shown using a standard

duality argument for the nonconforming finite element methods [12]. O

The microscopic information can be retrieved as in the conforming case. That is, with u}; defined as in (3.11), it can be

shown that

lu¢ —ufjly < C(WVe +H)llf llo,e
lu® — ufillo.e < C(e +H?)|f llo.e-
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Fig. 1. A control volume V; (dashed).
5. Control volume finite element methods

Another closely related class of discretization methods are the control volume finite element (CVFE) methods for solution
of partial differential equations. Control volumes are constructed from base elements such as triangles or rectangles
(see Fig. 1), and the CVFE methods are then defined in terms of an integral formulation of the differential equations on
the boundaries of these volumes [28]. These methods are also referred to as the box methods [7] or as finite volume
element methods [29]. Regardless of their physical interpretations, the CVFE methods can be mathematically treated as
Petrov-Galerkin methods with trial function spaces associated with certain finite element spaces and test spaces related
to control volumes. They lie somewhere between the finite element and finite difference methods. It is well known that
the standard finite element methods do not conserve mass locally (at the element level). The CVFE methods conserve mass
locally on control volumes.

The CVFE methods can be chosen as the macroscopic solver in the HMM for solution of multiscale problems. However,
because they are usually implemented in terms of the standard finite element methods by using an equivalence relation
between these two methods [7,28], we only need to estimate the missing macroscopic data at the quadrature points of a
triangle or rectangle, which can be carried out exactly in the same way as in the third section. Thus we omit the development
of the CVFE-HMM.

6. Mixed finite element methods

In this section we extend the finite element HMM to the mixed finite element methods. The mixed finite element HMM
was analyzed in detail in [5]. In the porous media flow application, for example, u€ in (2.1) represents a pressure, and the
variable ¢ = —a, Vu€ represents a fluid velocity. The reason for using the mixed methods is, among others, that the variable
q°¢ is the primary variable in which one is interested. Then the mixed methods are developed to approximate both u¢ and g¢
simultaneously and to give a high-order approximation of both variables.

Again, for H > 0, let Ty be a regular, quasi-uniform macroscale partition of §2. Associated with Ty, let Vy C V =
H(div, £2) and Wy C L*(£2) be the classical mixed finite element Raviart-Thomas (if d = 2)[30], Nedelec (ifd = 3)[31],
Brezzi-Douglas-Fortin-Marini [32], Brezzi-Douglas-Marini (if d = 2) [33], Brezzi-Douglas-Duran-Fortin (if d = 3) [34],
or Chen-Douglas [35] spaces for second-order partial differential equations. These spaces satisfy the inf-sup condition

(V-7,V)
reviy,r£0 || T lH@iv.2)
Foreach T € Ty, they also have the approximation properties

> ClVlo,e VYV e Wy.

inf |z —ullor < CHplITlr, 1<I<r+1,

T eVH(T)
inf V- (x—tllor < CHIV-tlhr, 0<I<r% (6.1)
tyeVy(T) ’ ’ .
inf |V —Vyllor <CH{IVIlr, 0<I<r"
Vy eWy (T)

where r* = r + 1 for the Raviart-Thomas, Nedelec, Brezzi-Douglas-Fortin-Marini, and first and third Chen-Douglas spaces,
r* = r > 0 for the Brezzi-Douglas—-Marini, Brezzi-Douglas-Duran-Fortin, and second Chen-Douglas spaces, Vy (T) = Vy|r,
WH(T) = WH|T: and Hr = dlam(T)

As for the standard finite element HMM, we assume the accuracy condition for a numerical quadrature formula: For a
given mixed space Vy,

L
/(a - T)(x)dx = |T| sz(a X)), o,t€Vy, TeTy, (6.2)

T I=1
where w; > 0 and x; € T are quadrature weights and points, | = 1, 2, ..., L. It is at these quadrature points where there

may be no explicit knowledge of A. Thus, for each x;, we set
Al=x+eY, 1=1,2,...,L,
and, for any t € Vi, we define v; € H'(A)) by

(@ Vo, Vw) 5, = — (t(x), Vw) o, Yw e H'(A), T €Ty, I=1,2,...,L, (6.3)



3274 Z. Chen / Nonlinear Analysis 71 (2009) 3267-3282

To & Te

Fig. 2. Primal and dual grids: T, =T, Ue UT,}".

and
Vi=—-a Vv, xeA,l=1,2,...,L (6.4)
Now, for any o, T € Vyy, we define the bilinear form

ay(o,7) = Z Z mwl a;'Uy, VI) (6.5)

TeTy I=1

where U corresponds to o € Vi through (6.3) and (6.4).
The mixed finite element HMM for (2.1) is defined: Find qymm € Vy and Ugmm € Wy such that

ay (quvm, 7) — (V- 7, Uumm) = 0 VT € Vyy,
(V-quum, V) = (f, V) VYV € Wy.
Under the quadrature formula (6.2), problem (6.6) has a unique solution gyvyv € Vi and Uyym € Wy, which satisfies [5]

(6.6)

llgumm llHgiv,2) + 1Uammllo,2 < Clif llo, -

Furthermore, if Uy and Qg = —AV Uy are sufficiently smooth, the error estimates hold
1Q — gummllo,e < C(H™' +¢),
1Uo = Unnallo.e = € (H™ +H™ +¢), (6.7)

IV - (Q — qum)llo.0 < CH™,

where r and r* are defined as in (6.1).

From (6.7) we see that the mixed finite element HMM solutions Uyvy and gymv provide a good approximation to the
macroscopic solution Uy and Qp, respectively. As for the standard and nonconforming finite element HMMs, we can use
Unmm and guvu to retrieve the microscopic information. For more details, please refer to [5].

7. Mixed covolume methods

As noted in the previous section, the standard mixed finite element methods are introduced to approximate both u¢ and
q¢ simultaneously and to give a high-order approximation of both variables. On the other hand, mixed covolume methods
have been developed with the same purpose, in addition to that they often produce smaller solution errors [11]. Unlike the
standard mixed methods that use a primary grid Ty, the mixed covolume methods use a conservation law on a primary
volume grid Ty for the scalar variable and a constitutive law on a dual volume or covolume grid T}, for the vector variable.
Depending on how they are interpreted, these methods are referred to as mixed covolume methods (preferred by us), mixed
control volume methods, and mixed balance methods [36-39,10]. Regardless of their physical interpretations, this class of
numerical methods can also mathematically be studied as Petrov-Galerkin methods with trial spaces associated with certain
finite element spaces and test spaces related to finite volumes, as in the CVFE methods.

The most well-known example for the dual grid T}, is the MAC (marker and cell) method that employs two staggered
rectangular grids [40]. These covolume methods can use either nonoverlapping (see Fig. 2) or overlapping (see Fig. 3)
covolumes. The left-hand side figure in Fig. 2 is a primary partition that consists of rectangles, and a typical interior covolume
in its dual partition is the dashed quadrilateral, the union of two triangles T,” U T," with the common edge e in Ty. The two
vertices inside the two rectangles are their centers. Note that each edge in Ty corresponds to a covolume. Near the boundary
I a covolume is either T, or T,". The right-hand side figure in Fig. 2 has an analogous meaning when the primary partition
Ty consists of triangles. On the other hand, the dashed covolumes in Fig. 3 are overlapping.

Based on the earlier results of Chou and Kwak [9,37], a unified framework was presented for a number of mixed covolume
methods [41]. This framework connects all these methods to the standard mixed finite element methods using an injective
mapping yy from the space Vy (see the previous section) to a test space Y. In this section we define the mixed covolume
HHH using this mapping.

The definitions (6.3) and (6.4) remain valid. But for any o, t € Vy, the bilinear form ay (-, -) is modified to

au(o, 1) = szw, a; UL V), s (7.1)

TeTy I=1
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Fig. 3. Dual grid with overlapping covolumes.

where U; and V/, respectively, correspond to ¢ and y;t through (6.3) and (6.4). With this modification, the mixed covolume
HHH for (2.1) can be defined in the same manner as in (6.6).

To have the well-posedness of system (6.6) for the mixed covolume HHH, two hypotheses are required for the mapping
y4. We assume that there are positive constants C such that

(a 't 1) = CllTlg o VT € Vi, 72)
lyatlo.e < Clitllo.e VT € Vy. ‘

Furthermore, to establish error estimates, we need an approximation property of 1. For example, in the case of the lowest-
order Raviart-Thomas mixed finite element spaces (i.e.,r = 0in (6.1)), we assume that

(0,7 —yut)| < CHlloll1elitlloe, o €H'(R), T € Vy. (7.3)

Examples of yy that satisfy both (7.2) and (7.3) can be found in [42,43]. With these two assumptions, the mixed covolume
HHH can be analyzed as for the standard mixed finite element HHH [5]. Moreover, under (7.3), the error estimates hold:

1Q — qummllo,e < C(H +¢),
lUo — Unmmllo,e < C(H +¢€), (7.4)
IV - (Qo — quvm)llo,2 < CH.

8. Discontinuous Galerkin methods

In this section we consider the case where the macroscopic solver £ is the discontinuous Galerkin (DG) method. Unlike
the standard finite element methods, for a given diffusion problem such as (2.1), the DG methods can have many different
formulations that result in different methods. Essentially, there are three DG methods: symmetric, nonsymmetric, and mixed
(Local) DG. For a pure diffusion problem, these methods may not be stable, so various stabilized (penalty) DG methods have
been proposed. For a collection of these methods and their comparison, the reader may refer to [12]. Recently, Chen, E, and
Shu has studied a LDG-HMM for one-dimensional hyperbolic and parabolic multiscale problems [6] that will be reviewed
here. To be consistent with (2.1), instead of working with a time-dependent problem, we consider the diffusion-reaction
problem

—(afu;)x +u¢=f inJ0,27],
u¢(0) = u(2m),

where a. (x) = a (x, x/e¢) > 0, with a(x, y) smooth in x and periodic in y with the period Y = [0, 277 ]. The reason to include
a reaction term is for the subsequent LDG method to have a unique solution. This term may be thought of as arising from
the discretization of a time differentiation term.

We denote a regular grid by Y; = [Xj—1,2, Xj+1,2],j = 1,2, ..., N, with the cell center x; = (Xj_1/2 + Xj+1/2)/2 and the
cell size Hj = Xj;1/2 — Xj—1/2- Set H = max; H;, and introduce the finite element space

(8.1)

Vi ={V e*(2) : Vly, € P(Y)), j=1,2,...,N}, r=0.
For U, W € Vy, on the microcell Yf = [Xj+1/2, Xj+1/2 + 2w €] we solve the problem
—(agﬁf()x +4°=0 inY?,

j
(8.2)

i — (UJL/Z + Wi (= Xj+1/2)) is periodic,
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where U+1/2 and U;, , (below) indicate the right and left limits of U at the grid points ;1. Then we define

(F.(U, W, x)i _ b a.0cdx
€ ’ ’ j+‘1/2 - 27‘[6 Y} ely .
Now, the LDG-HMM for (8.1) is defined: Find U = Uyym, W = Wymm € Vg such that
W, vy, + (U, v)y; — JH/Z Vitan U vt 1/2_0 Vv € Wy,
(aGW UJ)y + (U w)Yj j+1/2 +1/2 +F 1/2 1/2 = (f w)yj Yw € Vy,
forj=1,2,...,N,where F;\, , = (F.(U, W, %))}, 5.
Let Uy be the exact solution of the homogenized problem of (8.1). If Uy and Qg = (Up)y are sufficiently smooth, it can be
shown [6] that

(8.3)

€
[lUo — Unmmllo,2 + 11Qo — Whmmllo,e < C <E +Hr+l) , r>0. (8.4)

Note that this estimate is optimal in terms of H. However, compared with the error estimates obtained in the previous
sections, it is not sharp with respect to €. Future research will be needed to improve this estimate.

9. Finite difference methods

In the previous sections we have chosen various finite element method as the macroscopic solver £ in the HMM. For
completeness, we now consider the finite difference method as the macroscopic solver that was developed in [3,1] for a
time-dependent parabolic multiscale problem. Again, to be consistent with the multiscale problem under consideration,
we stick with problem (2.1). Also, a point-distributed finite difference method was used in [3,1], while a block-centered
difference is utilized here, which is consistent with the DG methods considered in the previous section.

Let 2 = [0, 1]? be the unit square, and denote a partition of £2 into smaller squares of equal size by Yy =
[X1i-1/2, X1iv1/2] X [X2j-1/2, X2jr1/2), 1,7 = 1,2, ..., N, with the cell center (xy;, X2;), where x;; = (X1,i-1/2 + X1,i11/2)/2
and x,; = (X2j—1/2 + X2,j+1/2)/2. Corresponding to this partition, we define the finite element space (i.e., the space of
piecewise constants)

Vi ={V € [*(2) : V|y, € Po(Yy), i.j=1,2,...,N}.
Also, associated with each point (Xq,;11/2, X2,j), we introduce a microscopic e-cell:

€ € € € . .
Y, = [Xl.i+1/2 — 3 X2 + 5] X [Xz,j 3% + 5] , 1=0,1,....,N,j=1,2,...,N.
Similarly, ijﬂ/z can be defined. Furthermore, for each V € Vy we define its linear approximation on Ya+1/21

v vy Vi = Vi
172, (X1, X2) = Vi + —g (x1,%2) € Y1)

where V;; = V|yu Vit1/2,j(X1, X2) can be defined in an analogous manner.
Now, forany V € Vy, oneach Y£ , , ; we define vf,, , ; € Vit12 + Hper(Y+1/2]) by

(@ Vv Vw)yfﬂ/zj =0 VYw € Hp (Yi1/2)): (9.1)
and
Piy1/2(V) = a. Vs dx, i=0,1,...,N, j=1,2,...,N. (9.2)
/2,j i+1/2,j
| 1+1/2]| 1+1/2]

The vector P;j;1/2(V) can be defined similarly. Finally, the FD-HMM is defined: Find Uymm € Vjy such that, for i,j =
1,2,...,N,
P1iv172,j(Uamm) — P1,i—1/2,j(Unvm) + Pajijr1/2(Uamm) — Paijt172 (Unvm)
H

= fis (9.3)

where Pit1/2; = (P1it1/2, Paiv1/2,5)-
If Uy is the exact solution of the homogenized problem of (2.1), it can be proven [3] that

€
IlUo — Unmmllo.e < C (E + H) . (9.4)
As in the LCD-HMM, estimate (9.4) is not sharp with respect to €.

10. A nonlinear problem

The HMM with the standard finite element methods as the macroscopic solver has been analyzed for nonlinear
homogenization problems [4]. As an example of the possible extensions to other macroscopic solvers presented in the
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previous sections, we study the nonconforming finite element HMM. The notation given in the fourth section applies, and
the argument here follows [4].
We consider the nonlinear problem
—V - (a.Vu) =f in$2,
(acvu) =1 (10.1)
u“=0 onrl,

where a. = a(x, x/e, u) now depends on the solution u¢. We assume that the coefficient a(x, y, z) is equi-continuous in z
uniformly with respect to x and y and periodic in y with period Y = [—1/2, 1/2]. Furthermore, it satisfies inequality (2.2).
Under such assumptions, the solution u¢ converges weakly in U = W(} P(£2) (p > 1) to the solution of the homogenized
equation [44]

—V - (Ax, Up)VUp) = f ing, (102)
U=0 onl,

where the homogenized matrix A = (A;) is

1 a ax’
Ay, @) = / (ag(x, o+ y. (aika> (x.y. q)) dy YgeR,
Y k=1

Vi

and x’ satisfies, with a periodic boundary condition in y,

d
, 9
—Vy (@& y. OVyxl) =D S0, YEY,
= Wi (10.3)

/ X (xy,qdy=0, gqeR.
Y

As in the linear case (3.8), the variational form of (10.2) reads: Find Uy € U such that
(A(x, Up)VUp, Vv) = (f,v) Vv e U. (10.4)
Let Vy C L2(£2) be the nonconforming finite element space defined in the fourth section. For any V e Vj, we define
vf €V +Hl, (A1) by

(axr.x/e, v))Vop, Vw),, =0 Vw € Hpe(Ar). (10.5)

per
Furthermore, for any U, V € Vy, we introduce the bilinear form
ay(U,V) = TXT: A (atxr, x/€, up)Vus, Vf) ,
€ly

where uf corresponds to U € Vy through (10.5). Now, as in the linear case, the nonconforming finite element HMM for
(10.1) is to seek Uymm € Vy such that

ap(Unmm, V) = (f, V) VV € Vy. (10.6)

To abuse the notation, whenever bilinear (quadratic) forms and norms involving partial derivatives are evaluated on the
nonconforming finite element space Vy, they are understood in the piecewise sense, as in the definition of the norm | - |4.
Introduce the linearized differential operator at Up:

Li(Up)v = =V - (A(x, Up) Vv + v Ap(x, Ug) VUp) , v € H'(R2),
and the corresponding bilinear form
a(Uo; v, w) = (A(x, Up) Vv, Vw) + (vAy(x, Up)VUg, Vw) Vv, w € H'(2),

where A, (x, u) = V,A(x, u). We assume that this linearized operator is an isomorphism from H(}(.Q) to H-1(£2), so Uy is
an isolated solution of (10.4). Moreover, application of an argument in [45] to the nonconforming finite element method
considered implies that there is Hy > 0 such that for 0 < H < Hy [45],
a(Up; V, W)
S ————— > GllVl1e VV €V, (10.7)
wevgwzo  [[Wilhe

where Cy > 0 is independent of H.
For any v, v1, w € U, we define

R, vi, w) = a(vy, w) — a(v, w) — av; v — v, W),
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where a(v, w) = (A(x, v)Vv, Vw).If v, v; € U satisty |v]l1,00,2 + [[V1]l1,00.2 < M, then extension of a technique in [46]
to the nonconforming method gives

1 1

RV, vy, w)| < C(M) (||€||5,2p + leVellop) IVwliog, e=v— vy, v + 1 =1 (10.8)
It now follows from the definition of R and (10.4) that Uyyv € Vy is the solution of (10.6) if and only if

a(Uo; Up — Upmm, W) = R(Uo, Unmm, W) + [a(Uo, W) — (f, W)] + [ay (Unmm, W) — a(Upmm, W) YW € Vy.

(10.9)
Define

E\VV,W)=ag(v,w) —a(V,W) YV, W e Vy,
and
_ E(v.
o x _E@.wl
veuprwlo@) wevy [V]ielWli e

10.1. Existence and uniqueness of a solution

To prove existence and uniqueness of a solution to (10.6), we introduce the projection of Uy into Vy through the linearized
bilinear form a:

a(Up; PyUo, V) = a(Up; Uy, V) VV € Vy. (10.10)
It follows from (10.7) that P, Uy exists and is unique for 0 < H < Hy, and satisfies [47]

lUo — PuUoll1,00,2 < CH, lUo — Pploll1,e < CH, (10.11)
if Uy € W (£2). When Uy € W2P(£2) (p > d), it holds that

IUo = PuUll1,00,0 < CH'™%/7. (10.12)
Finally, for a given x € £2, we define the discrete Green’s function G}, € V4 by

a(Up; v, Gf) = dV(x) ae.in2, V € Vy, (10.13)
where 9V indicates any of the partial derivatives dV /dx; (i = 1, 2, ..., d). This function satisfies

Gy ll11,2 < ClInH]|. (10.14)

Theorem 10.1. Assume that L, is an isomorphism from HJ ($2) to H'($2) and Uy € U N WP () with p > d. In addition,
assume that E is bounded and there are constants C; and H; such that for 0 < H < Hj,
E”|InH| < C,. (10.15)

Then problem (10.6) has a solution Uy satisfying
—1/2 _
Uinm — PuUoll1.00.0 <E '~ +H'™P,
—1/2 1—d/p (10.16)
lUmm — Uoll1,00,2 < C (E +H ) .

Furthermore, if, for all V1, Vo, W € Vy with ||Vi|1.00.20 + [IV2ll1.00.20 < M, there is a constant {o(M), with 0 < ¢y < 1, such
that

[E(V1, W) — E(V2, W)| < So(M)|IV1 — VallielIWh, e, (10.17)
then this solution Uywy is locally unique.
Proof. We define the nonlinear mapping £ : Vy — Vg by

a(Up; £1(V), W) = a(Up; Uy, W) — R(Up, V, W) +a(V,W) —ay(V,W) VYW € Vy.
This mapping is continuous using (10.7) and (10.8). We also define the set

B={VeVi: IV —Puloll e =B +H"7}.

Note that, by (10.10),
a(Up; L1(V) — PylUp, W) = =R (U, V, W) +a(V,W) —ay(V,W) VYW € Vy.
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Choosing W = Gj; in this equation and applying (10.8), (10.12), (10.14) and (10.15), we see that, with V € B and
V100,20 =M,

I£1(v) = PyUoll1,00,0 < C(M) (IIlUo — VI3 .o +E) | InH|
C(M) (IIlUo — PuUo |13 oo, 0 + IPHUo — lIT 0.0 + E) | InH|
C(M) (H*2¥? +E) | InH|.

IA

IA

Because V € Band E is bounded (e.g., E < @;), we see that

IVI1,00,2 < IV —PyUoll1,00,2 + IIPHUol1,00,22

/ 1/2

2 4 C(Uy) < €2 4 C(Uy) = €. (10.18)
Combining these two inequalities, we have

1£1(V) = PyUolh,c0,2 < C(Co) (H*7*¥P +E) | InH|.
Defining C; = 1/C(Qy), it follows from (10.15) that

<F

—1/2 _
I1£1(V) — PuUsll1.00.2 <E '~ + C(C)H*">/?| InH|.
Thus there is a constant H, such that for 0 < H < H,, we obtain
—1/2 _
[£1(V) — PyUpll1,000 <E '~ +H'".

Set H; = min(Hy, H;). Then, for 0 < H < H;, we see that .£1(B) C B. The Brouwer fixed point theorem means that there is
aUymm € B such that Jj](UHMM) = Uymm.
To prove the uniqueness, let U}, and UZ,, be two solutions of (10.6). Then it follows from (10.7) that, with Ufj,, =

(1 - t)UlglMM + tUl}lMM'

14
fo (U Upiam — U W)t

C”UI-lIMM - UE{MM”LQ < sup
Wely Wl
< |a(Ul]IMM’ W) - a(UE[MM» W)l
T wevy W1, 2

Note that, by (10.6),
a(U]}[MM7 W) - a(UEIMMv W) = [a(Ul-l[MM, W) —ay (U:[M]v[a W)] - [a(US[MM7 W) - aH(U]g[MM, W)] .

Because both U}y, and Upy,, are in the set B, it follows from (10.18) that [|[Ubyull1.00.2 + 1UAumII1,00.2 < 2Co, which,
together with (10.17), implies

1Usnan — Ubmll 1.2 < €0QCo) 1Ufm — Ul ll1.2-

Since o < 1via assumption, U}y, = Ufy- Therefore, the solution Uywy is locally unique. O

10.2. Error estimates

The multiscale finite element solution Uyyy in the next theorem refers to the one that satisfies the conditions in
Theorem 10.1.

Theorem 10.2. Let Uy and Uymy be the solutions of (10.4) and (10.6), respectively, and Uy € W™ (£2). Then there is Hy > 0
such that for 0 < H < Hy,

lUo — Unmmll1,e < C(H +¢), lUo — Unmmll1,00,2 < C(H +€) |InH], (10.19)
provided that €| In H| is sufficiently small.

Proof. Taking W = P,Uy — Uymm in (10.9) and using (10.7) and (10.8), and a similar argument as in fourth section, we see
that

IPhUo — Unmmll1,2 < C (I1Uo — UHMM”%QQ +E+H). (10.20)

As in the conforming case [4], it can be shown that

E < Ce, (10.21)
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provided that €| In H| is sufficiently small. Also, applying an interpolation inequality, we have

U0 — Unmmll? 4.2 < 1Uo — Unmll1,2 1Uo — Unmmill1.00.2- (10.22)

Consequently, combining (10.20)-(10.22) and using (10.11) and Theorem 10.1 yields the first result in (10.19).
Choosing W = G}, in (10.9) and using (10.8), (10.11) and (10.14), we see that

IPhUo — Unmmll1.00.2 < CE|InH||[P4Uo — Upmmll1.00.2 + C (U0 — UHMM||%,OO,_Q +E + H) |InH]|.
Applying (10.21), if € In H| is sufficiently small, it follows that

IPhUo — Unmmll1,00,2 < C (IUo — UHMM”%,OQ,Q +E+H)|InH|.
As aresult, applying Theorem 10.1, we obtain

U0 — Unnmll1,00,2 < C (IPyUo — Uoll1,00,2 + (E + H) [ InH])
which, together with (10.11), implies the second inequality in (10.19). O

11. Arandom homogenization problem

In the previous sections we have assumed that the coefficient a. in problem (2.1) has the form a(x, x/€) and a(x, y) is
periodic in y. In many problems such as in porous media flows [48], this coefficient is often random. In this section we
indicate how to extend the multiscale finite element analysis performed for (2.1) to a multiscale problem with a random
coefficient. Again, as example, we consider the nonconforming finite element HMM, following [4] for the conforming finite
element methods.

Let (D, F, P) be a probability space and a(y, w) = (a,j W, a))) be arandom field,y € RY w € D, whose statistics is invariant
under integer shifts. Furthermore, let a satisfy the uniform ellipticity condition (2.2); i.e.,

d
@lZP <) a4y, 0)6g < a'lc] Yo €D, y, L €R, (11.1)
ij=1
for some positive constants a, and a*. Problem (2.1) now takes the form

V- (ax/e, ®)Vu) =f in2,

11.2
u“=0 onr. ( )
Asin (3.10), let x/ satisfy [49]
. 49
— V- (0@, 0)Vyx) = Y ——a(y. o), (11.3)

= Wi

and V x/ is assumed to be stationary under integer shifts. x’ is generally not stationary. Define the average operator with
respect the measure P (mathematical expectation)

(v) = IE/ v(y)dy.
[—1/2,1/2)4

The homogenized coefficient A is given by
A= {a(+ Vx)), (11.4)

where [ is the identity matrix and x = (x', x2,..., x%)". With this coefficient, the variational formulation of the
homogenized problem is defined as in (3.8).

For the convergence analysis in the random case, we will use an important mixing condition [50]. For a subdomain
B C RY, denote by @ (B) the o-algebra generated by the parameters {a(y, w) : y € B}. Let ¢; and ¢, be two random variables
that are measurable with respect to @ (B;) and @ (B,), respectively. We assume that

IE(£182) — E(CDE(G)| < e @B Jie2 Jre?. (11.5)

This type of exponential decay condition is often used for geostatistical models.
For the barycenter x; of each T € Ty, A7 introduced in the fourth section is replaced with

Ar(8) = xr +8Y,

where the constant § should be a few times greater than the local correlation length in a.. Below we write Ay = A7 (3)
in short. Let Vy C L%(£2) be the nonconforming finite element space defined in the fourth section. The local problem (4.1)
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becomes: Forany V € Vy, vf € H'(A7) satisfies
(aGxr,x/€)Vvf, Vw) , =0 Yw € Hy(Ar),
v; =V ondAr.

Then, for any U, V € Vy, we introduce the bilinear form

(11.6)

IT|
ay(U,V) = Z ——— (acVug, Vo§)
= /) ar

where uf. corresponds to U € Vy through (11.6). The reason to use §/2, instead of § in the bilinear form ay (-, -), is to reduce
the effect of the imposed boundary condition on d A1 [4]. Now, the nonconforming finite element HMM for (11.2) is to seek
Unyvm € Vi such that

ag(Uumm, V) = (f, V) VV € Vy. (11.7)
We now state error estimates in the random case for which we also need Strang’s second lemma:

Lemma 11.1. Let Uy\my and Uy be the respective solutions of (3.8) and (11.7), with A given by (11.4). Then there is a constant
C > 0, independent of H and €, such that

ay(ITyUy, W) — (f, W
[IThUp — Uymm|n < C{ inf |[[TyUy — V|y +  sup 195 (T U, W) = (f, W) , (11.8)
Vevy WeVy, W0 Wy

where ITy is the standard interpolation operator into Vy.

We remark that the homogenization results in [51] will be used below and may be overestimated because they are based
on the Green function estimates that are not required for the computation of effective coefficients. Because of this, the next
convergence result here may be overestimated as well.

Theorem 11.2. Let Uy and Uy be the respective solutions of (3.8) and (11.7), where the homogenized coefficient A is now
given by (11.4), and Uy € H?(£2) N W1 (). Then, under condition (11.5), we have

E [Uy — Uil = Ce) (H + (g)) :

, ek (11.9)
E [|Up — Uammllo,e < C(x) (H + (3) ) ,
where
6 — 121
ifd=3,
= 1258
- ifd=1,
5 if
forany0 < X < 1/2.
Proof. Again, because the conforming P, finite element space is a subspace of Vy, it follows [4,51] that
E inf [TyUo — V|y < E[MTuUs — Uply +E inf |Up — V] < C(k) (H + (5) ) . (11.10)
Vely Vevy )

Also, the consistency error in (11.8) can be estimated by combining the techniques in the fourth section and those for
handling the conforming finite element HMM for a random homogenization problem (see Appendix Ain [4]). O
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