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Summary

A numerical fully implicit nonisothermal wellbore/reservoir sim-
ulator is developed. The model entails simultaneous solution of
transient coupled mass-, momentum-, and energy-balance equa-
tions within the wellbore; energy-balance equations for the tubular
and cement materials and the formation surrounding the wellbore;
and mass-balance and flow-rate/pressure equations for the reser-
voir formation. A wellbore heat-loss model that is a strong feature
of this study is developed and employed in the model to improve
the accuracy of the simulator and to be able to estimate the casing
temperature and formation-temperature distribution. The model
formulation is completed with an equation of state (EOS) to esti-
mate fluid properties and appropriate friction-factor correlations in
the wellbore tubing to compute the frictional pressure drop for dif-
ferent flow regimes.

The developed model has several applications in the petroleum
industry, particularly in the gas-well testing design and interpreta-
tion of both isothermal and nonisothermal gas reservoirs.

This nonisothermal simulator is validated through comparisons
to both analytical models and an equivalent numerical isothermal
coupled wellbore/reservoir simulator that is also developed in this
paper. Applications of this simulator to analyzing gas-well testing
problems, in addition to several important observations, are exten-
sively studied in Part 2 of this research work (Bahonar et al. 2010).

Currently, it has been well accepted that the applicability and
significance of a reservoir simulator depend on the behaviour of
the wellbore and interaction between the wellbore and reservoir.
A robust, accurate coupled wellbore and reservoir simulator is an
invaluable tool for the petroleum engineer to help the petroleum
industry understand production behaviour, make a meaningful pre-
diction, and make correct decisions in all field-development and
production stages.

Introduction

From the late 1920s, important petroleum-engineering aspects have
been developed, including measurements of bottomhole pressure
(BHP) and bottomhole temperature (BHT), petroleum laboratory
experiments, petrophysical concepts, introduction of fluid satura-
tions, development of material-balance techniques, and numerous
other reservoir-engineering concepts (Craft et al. 1991). During the
1960s, reservoir simulation became popular and expanded quickly
with the aid of the invention of high-speed digital computers
and development of powerful numerical techniques that allowed
solving more-complicated problems. In 1962, a pioneering work
in wellbore modelling was presented by Ramey (1962). Ramey’s
analytical model was derived on the basis of several simplifying as-
sumptions, including neglecting the friction and kinetic energy, and
estimates the fluid temperature along the wellbore as a function of
time and depth. To apply this model for more-complex situations,
several investigators (Satter 1965; Holst and Flock 1966; Wilhite
1967; Farouq Ali 1981; Fontanilla and Aziz 1982; Yao 1985; Wu
and Pruess 1990; Sagar et al. 1991; Alves et al. 1992; Hasan and
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Kabir 1994) proposed improvements to Ramey’s model. Research
in reservoir simulation also progressed rapidly but was fairly sepa-
rated from wellbore modelling until it was realized that these two
systems may have significant impacts on each other in some appli-
cations and hence must be considered together.

One of the earliest numerical coupled wellbore/reservoir simu-
lators was developed by Miller (1980) to study the reservoir and
wellbore fluid-flow interactions. Effects of temperature changes
during well testing of geothermal wells were also investigated. Sub-
sequently, several other coupled wellbore/reservoir simulators have
been developed that can be classified into two primary groups.

The first group encompasses general-purpose numerical res-
ervoir simulators. These simulators are capable of solving non-
isothermal (Stone et al. 1989; Stone et al. 2002; Pourafshary et
al. 2009; Shirdel and Sepehrnoori 2009; Livescu et al. 2010; Se-
menova et al. 2010) or isothermal (Stone et al. 2002; Semenova et
al. 2010) multiphase-flow problems and were primarily designed
to run full-field simulations with several wells. Among these sim-
ulators, ones presented by Stone et al. (2002), Pourafshary et al.
(2009), Shirdel and Sepehrnoori (2009), and Semenova et al.
(2010) are general compositional models and others developed by
Stone et al. (1989), Stone et al. (2002), Livescu et al. (2010), and
Semenova et al. (2010) are black-oil models; the simulator of Se-
menova et al. (2010) contains both compositional and black-oil
models. The newest multisegment simulator of Stone et al. (2002),
which is an extension of an earlier model, includes nonisothermal
and isothermal black-oil models and an isothermal compositional
model. Both models by Livescu et al. (2010) and Semenova et al.
(2010) stemmed from Stanford’s general-purpose research simu-
lator, having the capability of modelling complex well trajectories
(deviated, multilateral, and horizontal wells). The main difference
is that the Semenova et al. (2010) model was developed for both
compositional and black-oil models, while the Livescu et al. (2010)
model was based only on the black-oil model. Similarly, Pouraf-
shary et al. (2009) and Shirdel and Sepehrnoori (2009) imple-
mented their models into the general-purpose adaptive simulator
from The University of Texas at Austin. The core difference be-
tween the Pourafshary et al. (2009) and the Shirdel and Sepehrnoori
(2009) models is that the latter is for horizontal wells, whereas the
former was developed for vertical wells.

The second group to which our model also belongs includes
coupled wellbore/reservoir models that are to a large extent less
general than the first group. However, these models can be used
more efficiently and sometimes more accurately than the models in
the first group to investigate well-testing problems. The reason is
that they were particularly intended for this purpose and contain a
standing-alone well (a single well coupled with a reservoir model).
Examples of such models include those by Kabir et al. (1996), Fan
et al. (2000), Hasan et al. (2005), and Izgec et al. (2007).

The transient coupled gas-wellbore/reservoir simulator pre-
sented by Kabir et al. (1996) was developed to run in two modes.
The first one is a forward modelling to estimate the BHP, wellhead
pressure (WHP), and wellhead temperature (WHT) for a given res-
ervoir and given well completion data. In contrast to the first mode,
the second one is a reverse modelling to translate recorded WHP
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and WHT to BHP. These two modes are valuable tools for transient
well-test design and interpretation. In addition, they are excellent
tools for obtaining invaluable information for a hostile downhole
environment of high- pressure/high-temperature (HP/HT) gas res-
ervoirs in which running well testing is difficult, expensive, and
time consuming. This condition may become more severe with the
presence of corrosive and sour gases (e.g., carbon dioxide and hy-
drogen sulfide) that add the possibility of failure of equipment at
extreme conditions. To give a sense about HP/HT gas reservoirs,
the BHT and BHP greater than 400°F and 11,000 psia, respectively,
with the presence of corrosive gases, have been reported in the lit-
erature (Kabir et al. 1996). As a result of technological, operational,
and economic challenges in the well testing of these HTHP gas res-
ervoirs reported by Kabir et al. (1996), the cost of recording BHP in
such hostile environments can easily exceed several million dollars.
Therefore, gas-well testing is sometimes carried out on the basis
of WHP measurements, and coupled wellbore/reservoir simulators
are invaluable tools to assist in this task.

Fan et al. (2000) developed a semianalytical gas-wellbore/reser-
voir model to describe the wellbore’s nonisothermal effects on the
pressure-buildup test. The major assumption in this model is that the
well has been producing for a long period of time and the steady-state
condition has been reached inside the wellbore before a buildup test.
This assumption limits their model solely for the buildup test; and
drawdown test and multirate tests cannot be modelled. Other simpli-
fying assumptions, particularly in the energy-balance equation, were
taken into account, and the final form of equations was solved with
sequential and iterative schemes. It was shown that if thermal effects
are not considered properly in gas-buildup tests, the interpretation
of data using well-testing software may become misleading. For in-
stance, the dual-porosity behaviour may be seen for the well testing
of nonisothermal conventional homogeneous gas reservoirs. Another
interesting case that results from neglecting nonisothermal effects in
the interpretation of data with well-testing software, but for a conven-
tional heterogeneous gas reservoir, will be presented in Part 2 of this
study (Bahonar et al. 2010). The reason that using the well-testing
software for well-testing design, analysis, and interpretation of non-
isothermal gas reservoirs may lead to improper test design and/or
wrong interpretation resides in the assumptions used in the software.
The well-testing software solves only a single equation (i.e., the dif-
fusivity equation) for an isothermal reservoir with analytical methods.
The full solution of the diffusivity equation contains a series of in-
finite Bessel functions. However, only some limiting approximate
forms (e.g., an infinite cylindrical reservoir with a line-source well
or the pseudosteady-state solution) of the full solution are used. This
equation does not obviously consider wellbore dynamics, interaction
of the wellbore and reservoir, or nonisothermal effects of the well-
bore and its surrounding media, among other factors. Additionally,
the equation is not able to properly model the well-testing operation of
HP/HT gas reservoirs in which the well is shut-in at the wellhead be-
cause it simply solves the diffusivity equation only and disregards the
wellbore and its surrounding media. Therefore, the well-testing soft-
ware is blind with respect to the aforementioned factors.

Hasan et al. (2005) developed a simple analytic model for the
computation of transient temperature along the wellbore for both
shut-in and flowing wells. To achieve this, they imposed some as-
sumptions, including zero-mass flux during a buildup and a con-
stant-mass flux during drawdown tests on their previous coupled
wellbore/reservoir simulator (Kabir et al. 1996). They found a good
agreement between the newer model (Hasan et al. 2005) and the
previous one (Kabir et al. 1996). Through some parametric studies,
they also demonstrated that the reservoir-flow capacity (permea-
bility x reservoir formation thickness) had the most profound in-
fluence on the quality and suitability of WHP/WHT measurements
to convert them to BHP and thus conduct the transient well-test
analysis. The conclusion was that the higher the reservoir-flow ca-
pacity, the less worthy to translate the WHP/WHT to BHP. Izgec
et al. (2007) further improved the previous analytic heat-transfer
formulations (Kabir et al. 1996; Hasan et al. 2005) by removing a

Journal of Canadian Petroleum Technology

constant parameter [called a relaxation-parameter, which is the in-
verse of a parameter formerly defined by Ramey (1962)] assump-
tion. They also enhanced the estimation of formation temperature
by performing a simple steady-state energy balance on a small-
volume element in the instant vicinity of the wellbore. However,
this volume-element thickness was treated as a history-matching
parameter in their model.

The model developed in this study has a number of characteris-
tics that distinguish it from previous models. Unlike the models de-
veloped by Livescu et al. (2010) and Semenova et al. (2010) that
used a constant overall heat-transfer coefficient for heat-loss mod-
elling, which is not the case in real wells, we develop and apply a
strong heat-loss model. Indeed, the importance of accurate model-
ling of the overall heat-transfer coefficient has been emphasized by
several investigators repeatedly [e.g., see work in geothermal wells
by Hasan and Kabir (2009)]. Furthermore, the models by Pouraf-
shary et al. (2009) and Shirdel and Sepehrnoori (2009), and all
models in the second group of coupled wellbore/reservoir simula-
tors, adopted approximate analytical models for heat-loss treatment.
The present study, on the other hand, is based on a robust fully im-
plicit formulation for the modelling of heat loss from the wellbore
to the surrounding medium that is fully coupled with the energy-
balance equation inside the wellbore. This improvement removes
several limitations and weaknesses associated with previous approx-
imate analytical models (Bahonar et al. 2011). The equation allows
estimation of the casing temperature and formation-temperature dis-
tribution around the wellbore, removes the need for the application
of the superposition principle in the analytical models, and employs
a nonlinear transient depth- and temperature-dependent overall heat-
transfer coefficient for additional accuracy. In contrast to the models
of Pourafshary et al. (2009) and Shirdel and Sepehrnoori (2009)
that assumed the steady-state condition in the wellbore, which is not
accurate for transient tests, our model is fully transient. Note that
some important phenomena in transient tests will happen during ini-
tial times of shut-in or flowing and thus their accurate modelling be-
comes essential. Moreover, unlike all models of the second group
that applied analytical reservoir models and used correlations for es-
timating fluid properties, we used a more general formulation and
applied the Peng-Robinson (Peng and Robinson 1976) EOS (PR
EOS) to estimate fluid properties. This way, the EOS can be tuned for
any gas mixture with laboratory experiments; thus, removing the lim-
itations caused by correlations. In contrast to the model of Fan et al.
(2000) that can be used only for a gas-buildup test, our model can be
used for any production or injection schedule (multirate) combined
with shut-in periods at any time interval. During shut-in periods, our
model can imitate the afterflow phenomenon accurately. Because
of its fully implicit, fully coupled nature, our model can be run for
shallow to extremely deep reservoirs (in this case, the EOS must be
tuned for HP/HT conditions), small to large timestep sizes, and small
to large wellbore-segment length. Furthermore, by performing some
simple modifications as performed in this work, this nonisothermal
simulator can be converted to its isothermal counterpart.

This paper proceeds as follows. We first describe the formulation
of fluid flow and heat transfer in the coupled reservoir, wellbore, tu-
bular and cement materials, and formation. The discretization of
equations and the solution methodology are explained next. Sub-
sequently, we validate the results of the simulator against analyt-
ical models employed in well-testing software. We also compare
a result of the nonisothermal model with a result of its isothermal
counterpart. Last, conclusions will be presented.

Several numerical experiments for both nonisothermal and iso-
thermal models developed in this paper have been carried out.
Comparisons of these results and some unusual thermal effects on
the transient well tests are described in Part 2 of this research study
(Bahonar et al. 2010).

Model Development
The overall system is divided into three major parts: reservoir,
wellbore, and tubular and cement material and formation. Fig. 1
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Fig. 1—Schematic representation of the discretized reservoir, wellbore, and formation (earth).

sketches the entire system. To avoid confusion, from now on we
call the reservoir formation the “reservoir” and the earth media sur-
rounding the wellbore the “formation.”

Reservoir

Mass-Balance Equation and Flow-Rate/Pressure Relationship.
1D radial gas flow is considered for the reservoir. The mass-conser-
vation equation for the gas component is

d

1 10
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where the terms from the left to right represent the gas-mass
accumulation, gas-convective flux, and source/sink term, respec-
tively. The source/sink term m' couples the reservoir mass-balance
equation to the corresponding mass-balance equation inside the
wellbore.

With the definition of the gas-formation-volume factor given in
Eq. 2, the mass-balance equation can be written in a more appro-
priate form as Eq. 3:
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In Eq. 3, m is the mass-flow rate across the perforation and is
given by

where the mass-flow rate m and the volumetric-flow rate g are posi-
tive for production and negative for injection. The volumetric-flow
rate is the product of the difference between the reservoir and well-
bore pressure and the wellbore transmissibility.

The rock porosity change is linearly related to the pressure
variation by rock-compressibility factor cp. The effect of water
compressibility on the reservoir pore-volume changes during the
reservoir-pressure variation is considered by merging the satura-
tion-weighted water compressibility, s,,.Xc,, into the rock com-
pressibility as

¢= ¢r€f[1+c£ (p_pref )J ettt (5)

where ¢y=cp+s,,.¢,, is the combined rock and saturation-weighted
water compressibility. Darcy’s law is used for the flow-rate/pressure
relationship as

where f3, is an appropriate conversion factor for desired units.

Wellbore
Mass-Balance Equation. The general 1D axial mass-balance
equation for the wellbore is

0 0 m
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where the first term is the mass accumulation, the second term is
the mass-convective flux, and the last term is the source/sink term.
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Momentum-Balance Equation. The momentum-balance equation
can be written as (Farouq Ali 1981; Kabir et al. 1996; Hasan and
Kabir 2002; Hasan et al. 2005; Livescu et al. 2010; Semenova et
al. 2010)
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Expanding the last two terms in Eq. 8 and combining with the
mass-balance equation for the wellbore leads to
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where different components of the pressure drop inside the well-
bore from the left to right are hydrostatic, frictional, acceleration,
unsteady-state pressure loss, and pressure drop across the perfora-
tion, respectively. Correlations for estimating the value of the fric-
tion factor f are given in Appendix A for both smooth and rough
pipes and both laminar- and turbulent-flow regimes. Note that the
absolute-velocity term in the frictional loss is used to properly
handle the situation in which the direction of flow changes.

Energy-Balance Equation. The energy-balance equation can be

expressed as (Farouq Ali 1981; Kabir et al. 1996; Hasan and Kabir
2002; Hasan et al. 2005; Livescu et al. 2010; Semenova et al. 2010)
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where the terms from the left to the right are energy accumulation,
convective-energy flux, work performed by pressure forces, the rate
of work performed on the fluid by gravitational forces, heat loss
to the wellbore surroundings, energy source/sink, and conductive
heat transfer in the axial direction, respectively. In Eq. 10, the en-
ergy source/sink term is simply multiplication of the mass-source/
sink term in the mass-balance equation (Eq. 7) by the fluid enthalpy
(i.e., m=mXh). Because no thermal accumulation is considered
for the tubular and cement materials surrounding the wellbore,
it is assumed that the energy accumulation in these components
is a fraction of fluid-energy accumulation inside the wellbore at
any time. This assumption is incorporated into the energy-balance
equation by defining a thermal-storage parameter, C;. The con-
cept of Cy has been introduced by Hasan and Kabir (2002). It has
also been shown that this parameter is 3.0 for their drawdown and
2.0 for the buildup tests (Hasan et al. 2005). The heat-loss term
is derived by the difference between fluid temperature inside the
wellbore and wellbore temperature, and the value of the overall
heat-transfer coefficient, as

0,.=2nr,U (Tseg_ Te,) ................................................... (11)
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Cement and Tubular Materials and Formation

Equations for calculating the temperatures of tubing outside and
casing inside, respectively, are given in the following paragraph,
and more details can be found in the paper by Bahonar et al. (2011):
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Expressions for the wellbore and formation temperatures can be
obtained in analogy to the fluid flow in the reservoir. The wellbore
temperature (7 ,) can be calculated from the amount of heat loss,
formation temperature, and formation geometric factor. The equa-
tion that contains the wellbore temperature is

TONREE T 1 A 8 N —— (14)

where the thermal geometric factor W, is mainly a function of for-
mation thermal conductivity and thermal skin, 7Skin, caused by
thermal resistance (temperature drop) across the cement/formation
interface. This function can be expressed as

¥, = \p(k TSkin) ............................................................ (15)
An expression for calculating the thermal geometric factor will
be presented later.
A transient-heat-conduction partial-differential equation (PDE)
with a source term in the 2D-cylindrical-coordinate system is con-
sidered for the formation temperature as
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Note that in Eq. 16, the formation thermal conductivity, density,
and heat capacity can vary in both axial and radial directions. As we
show later in Eq. 41, the geothermal temperature gradient can also
be different for different layers. Therefore, a multilayer formation
with different properties and geothermal temperature gradients can
be modelled by this treatment.

Auxiliary Equations

To complete the model formulation, some auxiliary equations
should be implemented into the model. Some of the most impor-
tant ones are explained here. The PR EOS (Peng and Robinson
1976) for gas mixtures with hydrocarbon/hydrocarbon and nonhy-
drocarbon/hydrocarbon binary-interaction coefficients is used. En-
tering the PR EOS into an enthalpy departure function (Sandler
2006), and adding this function to the enthalpy of an ideal-gas mix-
ture that is only a function of gas temperature [data in terms of
a fifth-order polynomial for 89 compounds, mostly hydrocarbons
can be obtained from the paper by Passut and Danner (1972)], the
value of enthalpy for the real-gas mixture can be estimated. The
Joule-Thomson effect is inherently included in the model through
the general treatment of the enthalpy, as previously stated. In fact,
the Joule-Thomson coefficient can be simply calculated from the
derivatives of the enthalpy with respect to pressure and temperature
as —(9h/op)r/(0h/dT),. Once enthalpy and other fluid properties,
in addition to their derivatives with respect to both pressure and
temperature, are obtained, the internal energy can be readily calcu-
lated from the enthalpy/internal-energy relationship. This relation-
ship indicates that the internal energy is equal to enthalpy minus the
ratio of pressure to the fluid density, all in appropriate units.

An appropriate viscosity correlation recommended by Com-
puter Modelling Group’s WinProp user’s guide (WinProp Phase
Property Program 2009) for the gas mixture—based on the critical
temperature, critical pressure, critical molar volumes, and molec-
ular weight—is used. The PR EOS (Peng and Robinson 1976) and
viscosity correlation can be easily tuned to match the laboratory-
measured data for any gas mixture.

The overall heat-transfer coefficient is an extremely important
parameter for accurate heat-loss calculation and must be honoured
appropriately (Hasan and Kabir 2009). To estimate this coefficient,
a series of heat resistances for the tubing, wellbore annulus, casing,
and cementing is considered. The main heat-transfer mechanism
in all these layers is conduction. However, convection and thermal
radiation are also present in the wellbore annulus, which makes
the overall heat-transfer coefficient a nonlinear transient tempera-



ture- and depth-dependent parameter. We followed the procedure
presented by Wilhite (1967) to estimate this parameter, in which
the radiative heat-transfer coefficient is calculated by the Stefan-
Boltzmann law and the convective heat-transfer coefficient is cor-
related with the Grashof and Prandtl numbers.

Numerical Implementation

Both the reservoir and formation are gridded in radial-cylindrical
coordinates, as shown in Fig. 1. The geometric factors, gridblock
volume, centre, and boundary positions for the anisotropic reser-
voir/formation and irregular gridblock distribution in the 2D-cylin-
drical-coordinate system are given in Appendix B. The reason that
we provide these expressions in the 2D-cylindrical coordinates in
spite of the 1D reservoir assumption is that the same grid system
with minor modifications is used for the formation section that is
a 2D system. The wellbore is discretized into N, segments, and
staggered grids are used, as depicted in Fig. 1. For Segment £, the
temperature and pressure are assigned to the lower boundary (en-
trance in the case of production) and the velocity is assigned to the
upper boundary (exit in the case of production). All fluid and well-
bore properties are considered to be constant within each segment.
A first-order upwind scheme is used for reservoir transmissibilities
and the mass- and energy-balance equations in the wellbore. The
upwind scheme is switched if the direction of flow changes in the
reservoir or wellbore. All governing equations are discretized in a
fully implicit scheme (which will be shown by the superscript n+1
on all variables) to speed up the convergence, but this results in a
system of nonlinear equations. These equations are then written in
the residual forms, as follows.

Reservoir

Combined Mass-Balance Equation and Flow-Rate/Pressure
Relationship. Combining Eqgs. 3 and 6 and performing some ma-
nipulations lead to the final form of the mass-balance equation in
the residual form:
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In Eq. 18, (B: /B;*' —1)/(p,."+l —p,.”) is the averaged gas com-
pressibility between p/*1'and p?. In fact, discretizing the time-
derivative term in the material-balance equation (only in the form
given in Egs. 17 and 18) is materially conserved, as proved by
Ertekin et al. (2001).

In Eq. 17, the transmissibility terms between any two adjacent
gridblocks are calculated by
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where i=1, 2, ..., N,,,, except for Tlff/lz and 7", that will be ex-
plained later as the boundary conditions (BCs). In the transmissi-
bility expressions, 4,=2mAzr is the area crossed by the flow and

G, .1, 1s the geometric factor, as given in Appendix B. Note that

the reservoir permeability can vary in the radial direction; there-
fore, composite reservoirs can be modelled readily.

As the inner reservoir BC, the first gridblock of the reservoir is
coupled with the last one of the wellbore grid across the perforation
by the mass-sink/source term:
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As can be seen from the previously described equation, the well-
bore-first reservoir grid transmissibility 7 _1, is a function of both
the wellbore-geometric factor G,, and fluid properties that, in turn,
are functions of the reservoir pressure and temperature. The well-
bore-geometric factor is also a function of the reservoir properties,
grid system, and wellbore radius.

A no-flow (closed) boundary is assumed for the outer reservoir
boundary, 7", , =0.

Wellbore
Mass-Balance Equation. The wellbore mass-balance equation
(Eq. 7) can be discretized in the upwind residual form as
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Momentum-Balance Equation. The pressure-drop equation (Eq.
9) can be written in the residual form as
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where k=2, 3, ..., Ny,

Well Constraints. In this paper, because shut-in, opening, or
changing a flow rate is desired at the wellhead, the following con-
straints are applied to the first top gridblock of the wellbore.

Rate Constraint. In the residual form, the rate constraint is

= Akp,:”'le"“ =P =0 e ,(28)

RetrlW, k

where k=1. The subscript k can be also any other grid number than
one inside the wellbore. For example, if k=N, the rate constraint
is applied to the bottomhole condition. In Eq. 28, ¢, can vary at
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different timesteps to model a multirate schedule and it will be set
to zero for shut-in wells. With a negative value of ¢, an injection
well will be modelled. The wellbore-rate control allows us to simu-
late the process of closing the wellhead valve as slowly as desired
by decreasing the wellhead rate at a few timesteps.

Pressure Constraint. Once the WHP drops below a certain value

(e.g., 200 psia), the wellhead constraint is switched to a constant
WHP as

Rl o= p;tg Pragges =07 7orr s 29)
where k=1.
Energy-Balance Equation. Neglecting the axial-thermal conduc-

tivity in Eq. 10, which is negligible compared with other terms,
particularly in a flowing well, the upwind energy-balance equation

in the residual form results in
ﬂ { [ 28 ﬂ

) n+l n+l
- pVA[h+ 4 ]
2¢J.)],., 2g“

n+l

chos(G)} + O AL =m ™ =0

" AL
Reulk (1+C)A"“ i |:p[”

lossy,

AL {g

e 13

Cement and Tubular Materials and Formation

The tubing outside, casing inside, and wellbore temperatures rep-
resented by Egs. 12 through 14, respectively, can be discretized in
the residual form as

Rn+l Txeg [ln ’;i )/k :|’;,OU:)+1 (Tteg Jv‘nl-%-z j 7;::-1 =0
............................................. 31)
Ry =10 +[In(ry, /1, ) ke +10(r, /1) K]
.................... (32)
% V;OU::-I (Tssg T:t:-: )_ TCZH =0
R =0 -, (-1 )= 2w U (1 -1
_yp el _ ) 2
N (33)

Multiplying both sides of the heat-conduction PDE (Eq. 16) by
a gridblock volume (Vb =27mr,ArAz;), and performing some ma-
nipulations, it can be dlscretlzed as

Rn+l — |:\IJ’ (T;n-%-l _ 7;n+1 ) + lPr (Zrﬁ-l _ T;n-%-l ):|
eFk,i k., i+1f2 kL i+l ki kL i-1{2 kL i-1 ki
+|:|{]Z (]; Tn+1)+ \Pz (]; Tn+1):|
k+12, i k+1, k=112, i o (34)
n+l _ gmn
n+l Ck,i Cri
+0, Az, — (VbPeCpe)k, a0
where the thermal geometric factors are given by
v - (MJ (Arker ) ............................ (35)
fe Ar Kitl)2 Ar Kitl)2
¥, - (Mj _ (i) ............................ (36)
e Az k12,0 Az )i,
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and can be calculated from Appendix B.
The heat conduction PDE has four BCs (see Fig. 1) and one ini-
tial condition (IC) given:

BC 1: T,=T faee A 2=0, P71 oo, (37)

BC 2: T,= T ogervoir A Z= L, 2T e (38)

BC3: —« o, =0orW, \ ,p,=0at0=<z<L,r=>o ... (39)
r

n+l

BC 4 0 = 2 k, 2

— lP Tn+1 _ Tn+1 at,
T, 1-172 Cub, k €k, 1

loss;, wh " Ver a
OSZSL, FoFp) e (40)
IC: 7! — qioro/tarrt +g§z’cos(9’)a ..................................... (41)

where / represents the layer number and g# is the geothermal gra-
dient for Layer /.

In BC 4, the thermal geometric factor at wellbore radius, ‘If,k 1-1/2>
is given by

2nk

ery

\P”A 1-1/2 = .
o ln(rk,l/'i»,l—l/z)+ TSkmk,l—l 2

In Eq. 42, the first subscript £ is the index that indicates the for-
mation layer number and the second subscript shows the position
of the formation parameter in the radial direction (i.e., 1 means the
radius of the first formation gridblock and 1-1/2 means the well-
bore radius, r,,,). The dependence of the thermal geometric factor
on the formation thermal conductivity and thermal skin, as shown
in Eq. 15, is now clear from Eq. 42. Eq. 42 also indicates that the
thermal geometric factor depends on the gridding system and well-
bore radius.

Note that the number of gridblocks in the radial direction and
the outer radius of the reservoir and formation can be different. For
example, the outer radius of the formation is somewhere at a point
beyond which the initial geothermal temperature is never distorted.
A radius of 50 ft is typically good for this purpose; however, for
extra confidence we choose 500 ft.

After writing all discretized governing equations in the residual
form, they were linearized by the classical Newton-Raphson’s
method, as applied to the linearized equations JO(¥)= —R, where
J is the Jacobian matrix, (¥) is the correction vector, X is the un-
known vector, and R is the residual of equations. Note that because
a fully implicit scheme is used, the derivatives of all equations (e.g.,
the governing equations in the residual form, and gas properties
such as compressibility, viscosity, enthalpy, internal energy, forma-
tion volume factor, z-factor, overall heat-transfer coefficient, and
friction factor) must be obtained with respect to such variables as
temperature, pressure, and velocity. Because the derivation and
statement of these derivatives need huge space, only the final form
of the derivatives for the friction factor is reported as an example in
Appendix A. A new solution vector is obtained by

n+ n+ n‘+1
xl _ x1+ () (43)

where the superscript v is the iteration index. The iteration process
is continued until appropriate convergence is achieved. A sche-
matic of the Jacobian matrix is shown in Fig 2. The first subscript
in the expression of J is the medium for which the residual equa-
tions are written and can be the reservoir (R), wellbore (), or for-
mation (). The second subscript shows the medium variables with
respect to which the derivatives are taken. The derivatives for the
well control residual equation are written immediately after the
corresponding values for the reservoir part. Converting the non-
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Fig. 2—Schematic representation of the Jacobian matrix.

isothermal simulator to the isothermal coupled wellbore/reservoir
model is quite simple. For this purpose, the last column and row in
the Jacobian matrix (Fig. 2), which are for the tubular and cement
materials and the formation, will be discarded. In this case, we will
not have any derivatives in the Jacobian matrix with respect to tem-
perature and there is no energy equation because the temperature is
constant and fixed.

Results and Discussion

The reservoir part of the simulator, decoupled from other parts
(wellbore and formation), is validated with the output results of
the IMEX module of Computer Modelling Group (CMG) software
(IMEX Advanced Oil/Gas Reservoir Simulator 2009) and the nu-
merical model of FA.S.T. WellTest software (F.A.S.T. WellTest
2009b) with the same input data for all three simulators. An excel-
lent agreement is seen for the BHP vs. time for all simulators.

To validate the developed simulator as a whole (the coupled
reservoir, wellbore, and formation simulator), a multirate test has
been performed, with a series of two drawdown and two buildup
sequences with the same duration but different flow rates at each
drawdown test. In this test, the buildup is allowed to reach semista-
bilization (i.e., near the initial reservoir pressure). This type of test
is quite often performed for gas wells and is called the isochronal
test. The input data for the validation are tabulated in Table 1,
which is a typical set of data for gas reservoirs in the US Gulf Coast
(Fan et al. 2000). The results are compared either with the numer-
ical isothermal model that has been developed in this paper or with
the analytical models implemented in the FA.S.T. WellTest soft-
ware ((F.A.S.T. WellTest 2009b).

Fig. 3 shows the BHP for drawdowns and buildups and the cor-
responding wellhead volumetric gas-flow rates as time elapses.
The gas-flow rates for the first and second drawdowns are 5 and 8
MMscf/D, respectively. The pressure decreases from an initial pres-
sure of 9,000 psia to 6,134 psia (31.84% drawdown) at the end of
the first drawdown and subsequently builds to 8,838.5 psia. Then,
pressure drops to 4,287 psia (52.37% drawdown) for the second
drawdown and reaches 8,671 psia for the second buildup. As illus-
trated in Fig. 3, the transient BHP for the developed numerical non-
isothermal model and the analytical models inside the well-testing
software have a good agreement with each other. Maximum abso-
lute relative errors of 5.3, 2.9, 8.9, and 4.3% in the BHP estimation
with the numerical nonisothermal model compared with the ana-
lytical models were observed for the first drawdown and buildup
and the second drawdown and buildup tests, respectively. These dif-
ferences are the result of several factors, including some assump-
tions in the analytical models of the well-testing software. These
assumptions are removed in the course of developing our simulator.
In addition, thermal effects and the effect of coupling wellbore and
formation to the reservoir are considered in our model.

Figs. 4 and 5 illustrate the pseudopressure drop per rate and de-
rivative plots and the pseudopressure rise and derivative plots vs.
pseudotime for the second drawdown and buildup, respectively, for
both the developed nonisothermal model and analytical models in
the well-testing software. The corresponding semilog plots (tradi-
tionally called the Horner semilog plot for the buildup period) are
shown in Figs. 6 and 7. The terms shown in the x- and y-axis of

Figs. 4 through 7 are common expressions in well testing that can
be found in most books that explain a transient pressure analysis
or can be found in the user’s guide of the FA.S.T. WellTest soft-
ware (FA.S.T. WellTest User’s Guide 2009a). As can be seen from
Figs. 4 through 7, the early- and late-time periods are quite well
matched together; however, large discrepancies can be observed
near the middle of the graphs. Furthermore, the discrepancies are
more pronounced for the drawdown (Figs. 4 and 6) periods than
for the buildup periods (Fig. 5 and 7). For brevity, we have not
shown similar plots for the developed isothermal model because
these plots are quite similar to the plots for the analytical models
(except some small areas in the middle parts because of a variable
wellbore-storage coefficient), which also confirms the validation
of our models.

Fig. 8 shows the gas compressibility vs. time at the average
wellbore pressure and temperature for both isothermal and noniso-
thermal models. The difference comes from neglecting tempera-
ture-variation effects in the isothermal model (i.e., gas is produced
at a fixed reservoir temperature). As expected during the draw-
down, the gas compressibility increases as the average wellbore
pressure decreases, while in the buildup period, the gas compress-
ibility decreases as the average wellbore pressure increases.

The changing wellbore gas compressibility vs. time in Fig. 8
and the discrepancies in Figs. 4 through 7 all suggest the presence
of a variable wellbore-storage coefficient and temperature effects
on the behaviour of transient pressure tests. These behaviours will
be analyzed thoroughly in Part 2 of this research study (Bahonar
etal. 2010).

Conclusions
The following conclusions can be drawn from this paper:

1. A fully implicit single-phase gas coupled wellbore/reservoir
model has been developed by solving the equations of mass, mo-
mentum, and energy inside the wellbore and has been validated
against analytical models. A feature of this model is the develop-
ment of a strong heat-loss module for the heat loss from the well-
bore to the surrounding medium that increases the overall accuracy
of the simulator. The simulator allows computation of transient
pressure, temperature, velocity, and fluid properties at any wellbore
depth and time, both for shut-in and for flowing wells for imposed
surface, reservoir, and well-completion conditions.

2. With the implementation of an EOS into the model, and with
its fully implicit nature along with other features, this simulator can
be applied for a variety of situations. Examples include running this
model for small- to large-timestep sizes; small- to large-wellbore-
segment sizes; any gas composition, including sour and corrosive
gases; and shallow-to-deep reservoirs (e.g., a hostile environment
of HP/HT gas reservoirs). Additionally, allowing gradual opening
or closing of the surface valve and capability of running a variety of
well tests [e.g., injection, falloff test, and multirate tests (isochronal
tests)] are important features of the model.

3. By discarding the last part of the Jacobian matrix that involves
the modelling of thermal-resistance components surrounding the
wellbore, ignoring all derivatives with respect to temperature, and
neglecting the wellbore-energy equation, this nonisothermal model
can be converted easily to an equivalent isothermal model.
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TABLE 1—INPUT PARAMETERS FOR VALIDATION

OF DEVELOPED NONISOTHERMAL MODEL

Default wellhead constraint (rate or pressure)
Reservoir permeability (md)

Reservoir porosity (fraction)

Connate water saturation (fraction)

Water compressibility (psia™)

Gas-production rate (MMscf/D)

Gas-specific gravity (80% methane and 20% ethane)
Gas-critical pressure (psia)

Gas-critical temperature (°F)

Gas density at standard conditions (Ibm/scf)
Geothermal gradient (°F/ft)

Number of reservoir grids

Net pay thickness (ft)

Reservoir area (acre)

Reservoir pressure gradient (psi/ft)

Rock compressibility (psia™)

Skin factor

Total depth of the well (ft)

Wellhead minimum pressure for switching well constraint (psia)
Wellbore radius (ft)

Surface temperature (°F)

Standard condition for pressure (psia)

Standard condition for temperature (°F)

Reference pressure for porosity (psia)

Wellbore segment length (ft)

Wellbore segment roughness (ft)

Wellbore segment inclination (degree)

Annulus pressure at wellhead (psia)

Number of formation (earth) grids in radial direction
Inside radius of tubing (ft)

Outside radius of tubing (ft)

Inside radius of casing (ft)

Outside radius of casing (ft)

Formation (earth) external radius (ft)

Emissivity of casing inside surface (dimensionless)
Emissivity of tubing outside surface (dimensionless)
Thermal conductivity of tubing [Btu/(sec ft °F)]
Thermal conductivity of casing [Btu/(sec ft °F)]
Thermal conductivity of cementing [Btu/(sec ft °F)]
Thermal conductivity of formation in radial direction [Btu/(sec ft °F)]
Thermal conductivity of formation in axial direction [Btu/(sec ft °F)]
Formation density (Iom/ft®)

Formation heat capacity [Btu/(Ibm °F)]

Formation thermal diffusivity (ft*/sec)

Thermal resistance skin factor

Thermal storage parameter

Maximum timestep (sec)

Minimum timestep (sec)

Producing time duration (sec)

Shut-in time duration (sec)

Timestep at the start of production or shut-in (sec)
Tolerance

constant gas prod. rate
1
0.10
0.20
1.0 E-06
5.0
0.651
675.43
384.41
0.049845
0.0165
20
30
100
0.6
1.0 E-06
0
15,000
200
0.667
70
14.696
60
14.7
200
0.000018
0
14.7
5
0.106167
0.145833
0.375000
0.447917
500
0.9
0.9
0.006944
0.006944
0.000320
0.000556
0.000556
187.2
0.186779
1.590160 E—05
0
0
100,000
1
200,000
200,000
1
1.0 E-06
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Fig. 3—BHP and wellhead gas-flow rate vs. time.

Nomenclature

tubing inside area, ft?

2mrAz, area (ft2)

27rAr, area (ft2)

gas formation volume factor, bbl/scf

reservoir-rock compressibility, 1/psia

combined rock and saturation-weighted water
compressibility, 1/psia

water compressibility, 1/psia

formation-heat capacity, Btu/(lbm-°F)

thermal storage parameter, dimensionless

internal tubing diameter, ft

Moody friction factor, dimensionless

acceleration because of gravity, 32.17 ft/sec?

gravitational conversion constant, 32.17 (ft-lbm)/
(Ibf-sec?)

geothermal gradient, °F/ft

geometric factor, (bbl-cp)/(psia-sec)

well geometric factor, (bbl-cp)/(psia-sec)

enthalpy, Btu/lbm

mechanical equivalent of heat, 788 (ft-1bf/Btu)

Jacobian matrix

thermal conductivity of casing, Btu/(sec-ft-"F)

thermal conductivity of cementing, Btu/(sec-ft-°F)

radial thermal conductivity of formation, Btu/(sec-
ft-°F)

vertical thermal conductivity of formation, Btu/(sec-
ft-°F)

thermal conductivity of fluid inside tubing, Btu/(sec-
ft-°F)

permeability in radial direction, md

thermal conductivity of tubing, Btu/(sec-ft-"F)

permeability in vertical direction, md

total depth of well, ft

mass-transfer rate across the perforation, lbm/sec

mass-transfer rate across the perforation per volume,
pql(ayVy), [(Ibm-bbl)/(sec-1t6)]

energy-transfer rate across the perforation, Btu/sec

number of radial grids in the formation, dimensionless

number of radial grids in the reservoir, dimensionless

number of axial grids in the wellbore, dimensionless

pressure, psia

well-flowing pressure, psia

volumetric-flow rate at reservoir condition, ft3/sec

Tto

Treservoir

Tseg
TSkin

T,

surface

Tf 0

volumetric-flow rate at the standard condition,
scf/sec

= heat-loss rate to surroundings per unit wellbore

length, Btu/(sec-ft)

radius, ft

inside radius of casing, ft

outside radius of casing, ft

outer reservoir radius, ft

outer formation (earth) radius, ft

inside radius of tubing, ft

outside radius of tubing, ft

cementing/formation-interface radius (wellbore
radius), ft

residual of equations

Reynolds number, dimensionless

skin factor, dimensionless

connate-water saturation, dimensionless

time, seconds (hours)

transmissibility, scf/(psia-sec), except in Eq. 2, which
is absolute temperature, ‘R

casing inside temperature, ‘F

formation temperature, °F

initial formation temperature of Layer /, °'F

cementing/formation-interface temperature (wellbore
temperature), °F

temperature of fluid inside tubing, °F

reservoir temperature, °F

fluid temperature inside tubing, °F

thermal skin at 7,;, caused by thermal resistance,
dimensionless

= surface temperature, °F

tubing outside temperature, °F

internal energy, Btu/lbm

Darcy velocity in radial direction, bbl/(ft?-sec)

overall heat-transfer coefficient, Btu/(sec-ft2-°F)

velocity, ft/sec

gridblock volume, 27trArAz, or bulk volume, ft3

vector of unknowns

vertical well depth, ft

gas z-factor, dimensionless

volume conversion factor, 5.614583 (ft3/bbl)

formation thermal diffusivity, ft2/sec

growth factor in geometrical gridding system,
dimensionless
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Fig. 4—Log/log plot of pseudopressure drop per rate and derivative curve vs. pseudotime (drawdown test).

Bo = coefficient of Darcy’s law, 0.001127/86400
B = l44xgc, (in.2/ft2) X (ft-Ibm)/(Ibf sec?)
B, = 1.0, dimensionless
I' = parameter given in Eqs. 17 and 18, scf/psia
O(X) = correction vector
AL = segment length, ft
Ap, = pressure drop caused by acceleration, Ibm/(ft-sec?)
Ap, = pressure drop caused by friction, Ibm/(ft-sec?)
Ap,;, = pressure drop caused by hydrostatic, lbm/(ft-sec?)
Appers = pressure drop caused by flow of gas across the
perforations, Ibm/(ft-sec?)
Ap,, = pressure drop caused by unsteadiness, Ibm/(ft-sec?)
Ar = radial interval, ft
At = time interval, seconds
Az = axial interval (reservoir formation thickness), ft
¢ = pipe roughness, ft
6 = local angle between well and the vertical direction,
radians
U, = gas viscosity, cp
p = density, Ibm/ft3
p. = formation density, lbm/ft3
Py = density at standard condition, Ibm/scf
¢ = porosity, dimensionless
W, = thermal geometric factor in radial direction, Btu/
(sec-F)
W, 1.1, = thermal geometric factor at the wellbore, Btu/(sec-
ft-°F)
W, = thermal-geometric factor in axial direction, Btu/
(sec-°F)
Subscripts
ctrl = control
i = grid discretization index in the r-direction
k = grid discretization index in the z-direction
ref = reference point
sc = standard condition
Superscripts
= [t ]ayer in the formation
n = time discretization index
res = reservoir
seg = segment
v = iteration discretization index
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SI Metric Conversion Factors
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Fig. 6—Semilog plot of pseudopressure drop per rate vs. superposition radial seudotime (drawdown test).

bbl x 1.589 873 E-01 = m3
Btu X 1.055056 E+00 = kJ
Btu/lbm X 2.326 E+03 = J/kg
Btu/(Ibm-°F) X 4.186 8* E+03 = J/(kgK)
Btu/(sec-ft-°F) X 6.230 646 E+03 = W/(m'K)
Btu/(sec-ft2-°F) X 2.044 175 E+04 = W/(m?K)
cp X L.* E-03 = Pas
°F  (°F—=32)/1.8 = °C
°F/ft X 1.822 678 E+00 = K/m
ft x 3.048" E-01 = m
ft/sec x 3.048" E-01 = m/s
ft2 X 9.290 304" E-02 = m?
ft3 x 2.831 685" E-02 = m3
f3/D x 2.831 685" E-02 = m3/d
Ibf X 4.44 822 E+00 = N
Ibm X 4.535924 E—-01 = kg
Ibm/ft3 X 1.601 846 E+01 = kg/m3
Ibm/sec X 4.535 924 E-01 = kg/s
psia X 6.894 757 E+00 = kPa
psia—! X 1.450 377 E—-04 = Pa-!
psia/ft X 2.262 059 E+01 = kPa/m
scf/D X 2.863 640 E—02 = std m3/d

“Conversion factor is exact.
Appendix A

Friction Factor and Its Derivatives. Two sets of equations, one
set for rough pipes and the other for smooth pipes, are presented.

Rough Pipes. Chen’s explicit correlation (Chen 1979) for the fric-
tion factor in rough pipes is

f= |:a1 log (aﬁﬁlog( A)j] e (A-1)
Re

by 11098
where A=b1+(ﬁ] 52D 7147, by=08981,
=2, Re 28257

a, = e/d , a3=—5.0452, a4=—2, and the Reynolds number in
3.7065
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imperial units is
p(p.T)Vd

Ivl(p,T) ..........................

Because our model is solved with a fully implicit scheme, the
derivatives of Chen’s equation (Chen 1979) with respect to velocity,
pressure, and temperature are necessary and are derived and pro-
vided here:

Re(p.,T.V)=1487.873828

Jf ___ aaaq % by ﬁ " a;

v VReXln(lO)f |:log(A)+ln(10)><A}(Rej / {aﬁRe log(A)}
......................................... (A-3)

aiz_V(ia—”—ia_p)ai .......................................... (A-4)

op Hop pop)aV

I _y la_ﬂ_Léﬂ)ai ........................................... (A-5)

oT uoT poT)oVv

Smooth Pipes. For smooth pipes and if the Reynolds number is
greater than or equal to 2,100 (turbulent flow), Chen’s correlation
(Chen 1979) for the friction factor is still applicable; otherwise,
we use the friction factor for laminar flow, and its derivatives with
respect to velocity, pressure, and temperature are

Y (A-6)
9 _axbxRe (A7)
B T

of b[1ap 1au]

LmabRe | = I (A-8)
dp pop Hop

P pre[ LR O (A-9)
oT pdT uodT

where a=64 and b=—1.0.
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Fig. 7—Semilog plot of pseudopressure curve vs. superposition radial pseudotime (buildup test).

Appendix B

¥

Grid Scheme. The grid locations and boundaries, geometric fac- =
tors for anisotropic formation and irregular grid distributions, and
gridblock volumes in a 2D-cylindrical-coordinate system can be

T i+l 2

27,

In[ (e, —1)/In(oy,) ] (A, k., D+Inf e, In(0,)/(er, 1)) (Az, ik, )

calculated by the following equations (Abou-Kassem et al. 2006): s (B-5)
A= oo ) IV i (B-1)
In(a 26,0, /2.) (B-6)
o, In( o i I S T T T T TP PP
g R OO (B-2) Az fk, Az K
aln _1 N -
Bid = 00 =00 =1, 2, o Ny= 1 e (B-3) i) A
ka_' :EOC.Z"T(lXZ,n)r' Az, fori=1,2,..,N,—-1, k=12, o Ny
Tk, i-112 2
1 -1 |
_ / 273, : Vi = 7;{1_[ n(a‘“)/(if‘]"n (a)zj) (“'" )}rfAzk Jor i=N, k=1,2, .,N,,
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Fig. 8—Average wellbore gas compressibility vs. time.
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where ,=1.0. W,, | ,, and ¥

112304 Gy i
calculated by different equations, as given in the body of the paper.

If this grid system is used for the reservoir, N,, 5, ks kpzy P,
and r,, are replaced by N,, B, &, k., G,, and r,, respectively. Be-
cause a 1D-radial reservoir was considered in this paper, the axial
reservoir geometric factor G, that is the counterpart of the axial for-

mation geometric factor W, will be meaningless.

Tk Ne+172 for the formation (or Gy

for the reservoir section) act as the BCs and are
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