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On the semi-discrete stabilized finite volume method
for the transient Navier–Stokes equations
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Abstract A stabilized finite volume method for solving the transient Navier–
Stokes equations is developed and studied in this paper. This method main-
tains conservation property associated with the Navier–Stokes equations. An
error analysis based on the variational formulation of the corresponding finite
volume method is first introduced to obtain optimal error estimates for velocity
and pressure. This error analysis shows that the present stabilized finite volume
method provides an approximate solution with the same convergence rate as
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that provided by the stabilized linear finite element method for the Navier–
Stokes equations under the same regularity assumption on the exact solution
and a slightly additional regularity on the source term. The stability and con-
vergence results of the proposed method are also demonstrated by the numer-
ical experiments presented.

Keywords Navier–Stokes equations · Stabilized finite volume method ·
inf-sup condition · Local pressure projection · Optimal error estimate

Mathematics Subject Classifications (2010) 35Q10 · 65N30 · 76D05

1 Introduction

Finite difference, finite element, and finite volume methods are three major
numerical methods for solving partial differential equations. Among them, the
finite volume method is the most intuitive one because it is based on local
mass, momentum, or energy conservation over volumes (control volumes or
co-volumes) in practical applications. It lies somewhere between the finite
element and finite difference methods; it has a flexibility similar to that of
the finite element method in handling complicated geometries, and its imple-
mentation is comparable to that of the finite difference method.

The finite volume method is also known as the control volume method,
the covolume method, or the first-order generalized difference method. Much
work was devoted to its error analysis for second-order elliptic and par-
abolic partial differential equations [1, 4–9, 14, 15, 30, 32, 33, 38, 39]. The
H1 error estimate was first given on the triangle grids for second order
elliptic partial differential equations [31]. Error estimates of optimal order
in the H1-norm are the same as those for the linear finite element method.
Moreover, error estimates of optimal order in the L2-norm can also be
obtained. The finite volume method for the Stokes equations was studied
as well [11, 25, 37, 40]. It was analyzed through a relationship to the finite
element method, and its error estimates were obtained through those known
for the latter. However, for the Stokes equations only the finite element
pairs that satisfy a discrete inf-sup condition for velocity and pressure were
studied.

A stabilized finite element method based on a local pressure projection
for the Stokes equations has recently been developed [2, 3, 13, 26]. This
method is free of stabilization parameter, does not require any calculation of
high-order derivatives or edge-based data structure, and can be implemented
at the element level [2, 3, 13]. It is known that this element pair does not
satisfy the discrete inf-sup condition for the Stokes equations. Nevertheless,
it is of practical importance in real applications. In particular, it is efficient
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and simple in terms of implementation. In addition to the above features,
another important feature is that this stabilized method also has supercon-
vergent results [20, 26, 27], which is in strong contrast with other stabilized
methods.

In this paper we develop and study a stabilized finite volume method for the
transient Navier–Stokes equations. The finite volume method presented here
is instead designed to inherit a local conservation property associated with the
differential equations. There exist two major difficulties in the convergence
analysis of this stabilized finite volume method. While the analysis can be
carried out through its relationship with the conforming finite elements of the
lowest-equal order pair as for the Stokes equations [25], there exists additional
difficulty in the treatment of the nonlinear term (i.e., trilinear term) appearing
in the finite volume formulation of the Navier–Stokes equations. In particular,
the trilinear form introduced in the finite volume method does not have the
same anti-symmetric property as that in the finite element method [19, 35].
The other major difficulty is associated with the analysis of the discretization of
the transient term. Because an equivalent operator between the finite volume
method and the P1 − P1 pair of the conforming finite elements is used, this
operator necessarily appears in the transient term, and the resulting discretiza-
tion cannot be treated by using the standard parabolic argument [10, 36]. To
overcome these difficulties, a finite volume projection based on the variational
formulation of the corresponding finite volume method is first introduced for
the Stokes equations. A key argument in the present analysis is to combine this
projection and a finite element projection for the Stokes equations without any
additional regularity on the exact solution. Furthermore, some results related
to the equivalence between the standard L2-norm and the norm induced by the
above mentioned equivalent operator [7] will be used. These techniques, to-
gether with the introduction of a duality argument for the derivation of the L2-
error estimate for velocity, will yield convergence rates of optimal order for the
present stabilized finite volume method. Compared with the results in [22], the
main contribution of this paper is to establish optimal estimates for the Navier–
Stokes equations based on local conservation property. Recently, there are
lots of wonderful jobs by Eymard et al. [16–18] on the mathematical properties
and convergence analysis of the collocated clustered finite volume scheme for
the incompressible flows. However, it still requires much research on theo-
retical analysis of the finite volume method for the transient Navier–Stokes
equations.

The rest of the paper is organized as follows: In the next section, we
introduce some notation and the transient Navier–Stokes equations. Then, in
Section 3, a stabilized finite element method for these equations is recalled.
The stabilized finite volume method is defined in Section 4, and some useful
lemmas are shown. Stability and optimal order estimates for this method are
obtained in Sections 5 and 6. Finally, numerical results to check the theoretical
results obtained are provided in Section 7.
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2 Function settings

Let � be a bounded domain in �2, with a Lipschitz-continuous boundary �,
satisfying a further condition as stated in (A1) below. The transient Navier–
Stokes equations are

ut − ν�u + ∇ p + (u · ∇)u + 1

2
(div u)u = f, div u = 0, (x, t) ∈ � × (0, T],

(2.1)

u(x, 0) = u0(x), x ∈ �, u(x, t)|� = 0, t ∈ [0, T], (2.2)

where u = u(x, t) = (u1(x, t), u2(x, t)) represents the velocity vector, p =
p(x, t) the pressure, f = f (x, t) the prescribed body force, ν > 0 the viscosity,
T > 0 the final time, and ut = ∂u/∂t. Note that the term (div u)u/2 is added
to ensure the dissipativity of the Navier–Stokes equations [35]. To introduce a
variational formulation of (2.1) and (2.2), set

X = (H1
0(�))2, Y = (L2(�))2, M = L2

0(�) =
{

q ∈ L2(�);
∫

�

q dx = 0

}
,

V = {v ∈ X : div v = 0}, D(A) = (H2(�))2 ∩ V,

where A indicates the Laplace operator.
As noted, a further assumption on the domain � is needed:

(A1) Assume that � is regular in the sense that the unique solution (v, q) ∈
(X, M) of the stationary Stokes equations

−�v + ∇q = g, div v = 0 in �, v|∂� = 0

for a prescribed g ∈ Y exists and satisfies

‖v‖2 + ‖q‖1 ≤ c‖g‖0,

where c > 0 is a constant depending only on � and ‖ · ‖i denotes the
usual norm of the Sobolev space Hi(�) or (Hi(�))2 for i = 0, 1, 2.
Below the positive constants c and ci, i = 0, 1, 2 · · · , will depend at most
on the data (ν, T, u0, �, f ).
We denote by (·, ·) and ‖ · ‖0 the inner product and norm on L2(�) or
(L2(�))2, as appropriate. The spaces H1

0(�) and X are equipped with
their usual scalar product and norm

((u, v)) = (∇u, ∇v), ‖u‖1 = ((u, u))1/2.

(Due to the norm equivalence between ‖u‖1 and ‖∇u‖0 on H1
0(�), we

are using the same notation for them.) It is well known that for each
v ∈ X there hold the following inequalities:

‖v‖L4 ≤ 21/4‖v‖1/2
0 ‖v‖1/2

1 , ‖v‖0 ≤ c1‖v‖1. (2.3)

The next assumption will be also used in the error analysis.
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(A2) The initial velocity u0 ∈ D(A) and the body force f (x, t) ∈ L2(0, T;
(H1(�))2) are assumed to satisfy

‖u0‖2 +
(∫ T

0

(‖ f‖2
1 + ‖ ft‖2

0

)
dt

)1/2

≤ c.

The continuous bilinear forms a(·, ·) on X × X and d(·, ·) on X × M are,
respectively, defined by

a(u, v) = ν((u, v)) ∀u, v ∈ X, d(v, q) = −(v, ∇q) = (q, div v)

∀v ∈ X, q ∈ M,

and the generalized bilinear form B(·; ·) on (X, M) × (X, M) is given by

B((u, p); (v, q)) = a(u, v) − d(v, p) + d(u, q), (u, p), (v, q) ∈ (X, M).

The latter form satisfies the following inequalities [35]:

|B((u, p); (u, p)) = ν‖u‖2
1, (2.4)

|B((u, p); (v, q))| ≤ c(‖u‖1 + ‖p‖0)(‖v‖1 + ‖q‖0), (2.5)

β(‖u‖1 + ‖p‖0) ≤ sup
(v,q)∈(X,M)

|B((u, p); (v, q))|
‖v‖1 + ‖q‖0

, (2.6)

for all (u, p), (v, q) ∈ (X, M), where β is a positive constant. Also, the trilinear
term b(·, ·, ·) on X × X × X is defined by [35]

b(u, v, w) = ((u · ∇)v, w) + 1

2
((div u)v, w) ∀u, v, w ∈ X.

It satisfies [21, 35]

b(u, v, v) = 0, (2.7)

|b(u, v, w)| + |b(w, v, u)| + |b(u, w, v)|
≤ c2‖u‖1/2

0 ‖u‖1/2
1

(
‖v‖1‖w‖1/2

0 ‖w‖1/2
1 + ‖v‖1/2

0 ‖v‖1/2
1 ‖w‖1

)
,

(2.8)

for all u, v, w ∈ X, and

|b(u, v, w)| + |b(v, u, w)| + |b(w, u, v)| ≤ c2‖u‖1‖v‖2‖w‖0, (2.9)

for all u ∈ X, v ∈ D(A), w ∈ Y.
Here, the idea is used to easily achieve optimal results in analyzing the finite

element discretization by adding a useful term 1
2 ((div u)v, w) in the trilinear

term. The trilinear term defined above is still consistent in original problem.
The mixed variational form of (2.1) and (2.2) is to seek (u, p) ∈ (X, M),

t > 0, such that, for all (v, q) ∈ (X, M),

(ut, v) + B((u, p); (v, q)) + b(u, u, v) = ( f, v), (2.10)

u(x, 0) = u0(x), x ∈ �. (2.11)
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For the subsequent convenience, we recall the Gronwall Lemma that will
be frequently used.

Lemma 2.1 [34] Let g(t), �(t), and ξ(t) be three nonnegative functions satisfy-
ing, for t ∈ [0, T],

ξ(t) + G(t) ≤ c +
∫ t

0
� ds +

∫ t

0
gξ ds,

where G(t) is a nonnegative function on [0, T]. Then

ξ(t) + G(t) ≤
(

c +
∫ t

0
� ds

)
exp

(∫ t

0
g ds

)
. (2.12)

The following result is concerned with the existence, uniqueness, and
regularity of a global strong solution to the Navier–Stokes equations (2.1)
and (2.2).

Lemma 2.2 [22] Assume that (A1) and (A2) hold. Then, for any given T > 0
there exists a unique solution (u, p) of (2.1) and (2.2) satisfying the following
regularities:

sup
0<t≤T

(‖u(t)‖2
2 + ‖p(t)‖2

1 + ‖ut(t)‖2
0

) +
∫ T

0

(‖ut(s)‖2
1 + ‖pt(s)‖2

0

)
ds ≤ c,

(2.13)

sup
0<t≤T

τ(t)‖ut(t)‖2
1 +

∫ T

0
τ(s)

(‖ut(s)‖2
2 + ‖pt(s)‖2

1 + ‖utt(s)‖2
0

)
ds ≤ c,

(2.14)

where τ(t) = min{1, t}.

3 A stabilized finite element method

For h > 0, let Kh be a triangulation of � into triangles, assumed to be shape-
regular in the usual sense [10, 12, 19]. Associated with Kh we introduce finite
dimensional subspaces (Xh, Mh) ⊂ (X, M). For these spaces we assume that
the following approximation properties hold: For (v, q) ∈ (D(A), H1(�) ∩ M),
there exist approximations Ihv ∈ Xh and Jhq ∈ Mh such that

‖v − Ihv‖0 + h‖v − Ihv‖1 ≤ ch2‖v‖2, (3.1)

‖q − Jhq‖0 + h‖q − Jhq‖1 ≤ ch‖q‖1, (3.2)

where the L2-projection Jh : M→Mh satisfies

(p − Jh p, qh) = 0 ∀ p ∈ M, qh ∈ Mh.
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Also, we assume that the inverse inequality holds [10, 12]

‖vh‖1 ≤ c3h−1‖vh‖0, ‖vh‖∞ ≤ c4| log h|1/2‖vh‖1 ∀vh ∈ Xh. (3.3)

This paper will focus on the analysis of the lowest equal-order pair of finite
elements for velocity and pressure:

Xh =
{
vh ∈ (

C0(�)
)2 ∩ X : vh|K ∈ (

P1(K)
)2 ∀K ∈ Kh

}
,

Mh = {qh ∈ C0(�) ∩ M : qh|K ∈ P1(K) ∀K ∈ Kh},
where P1(K) is the set of linear functions on element K.

Many stable pairs of finite element spaces (Xh, Mh) have been proposed in
the existing literature. Examples include Taylor–Hood element P2 − P1 and
MINI-element P1b − P1, etc. Especially, Taylor–Hood element performs a
superconvergence result since it employs the higher order finite element pair
than others. Also, MINI-element pair is a implicit stabilized finite element
method on uniformly mesh for the incompressible flows. In fact, there are
also many quadrilateral finite element pairs are to be preferred for the
incompressible flows. However, it is still open problem for optimal theoretic
analysis of finite volume method for the stationary Stokes equations.

In this paper, the stabilized P1 − P1 element has several important features:
it is more accurate and convenient to approximate both the velocity and
pressure with the same number of degrees of freedom. Furthermore, it has
a very simple data structure due to the use of the same type of nodal values for
velocities and pressure which allows for an efficient vectorization of solution
processes. Moreover, standard multigrid techniques can be used for solving
the algebraic systems with good efficiency. To stabilized the lowest equal-
order finite element pair, a stabilized fintie element method is applied by local
difference between a consistent matrix and an underintegrated mass matrix to
stabilize it [2, 3, 13, 26, 28]:

G(ph, qh) = p̄(Mk − M1)q̄T = p̄Mkq̄T − p̄M1q̄T ,

where

p̄ = [p0, p1, . . . , pN−1], q̄T = [q0, q1, . . . , qN−1]T ,

Mij = (φi, φ j), ph = ∑N−1
i=0 piφi,

pi = ph(xi)∀ph ∈ Mh, i, j = 0, 1, . . . , N − 1,

φi is a basis function of the pressure space Mh such that its value is unity at
node xi and zero at other nodes, and the symmetric positive definite pressure
mass matrices Mk (k ≥ 2) and M1 are computed by using the kth-order and
first order Gauss integrals in each spatial direction, respectively. In addition,
pi and qi, i = 0, 1 . . . , N − 1, are the values of ph and qh at the node xi, and q̄T

is the transpose of the vector q̄.
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Let �h : L2→Rh be the standard L2-projection with the following
properties:

(p, qh) = (�h p, qh) ∀p ∈ M, qh ∈ Rh, (3.4)

‖�h p‖0 ≤ c5‖p‖0 ∀p ∈ M, (3.5)

‖p − �h p‖0 ≤ c6h‖p‖1 ∀p ∈ H1(�) ∩ M, (3.6)

where Rh = {qh ∈ M : qh|K is a constant for each K ∈ Kh}. Then we can for-
mulate the bilinear form G(·, ·) as

G(p, q) = (p − �h p, q − �hq). (3.7)

The L2-projection operator �h can similarly be defined in the vector case.
The bilinear form G(·, ·) in (3.7) is a symmetric positive semi-definite form
generated on each local element K.

Using the above notation, the stabilized finite element formulation of
system (2.10) and (2.11) reads: Find (ūh, p̄h) ∈ (Xh, Mh), t ∈ [0, T], such that,
for all (vh, qh) ∈ (Xh, Mh),

(ūht, vh) + Bh((ūh, p̄h); (vh, qh)) + b(ūh, ūh, vh) = ( f, vh), (3.8)

uh(0) = u0h, (3.9)

where u0h is some approximation of u0 in Xh satisfying the approximation
property (3.1) and

Bh((ūh, p̄h); (vh, qh)) = a(ūh, vh) − d(vh, p̄h) + d(ūh, qh) + G( p̄h, qh)

is the stabilized bilinear form. The following theorem establishes the continuity
and weak coercivity of (3.8) for the equal-order finite element pair P1 − P1

[2, 3, 26]:

Theorem 3.1 Let (Xh, Mh) be def ined as above. Then there exists a positive
constant β, independent of h, such that

|Bh((u, p); (v, q))| ≤c(‖u‖1 + ‖p‖0)(‖v‖1 + ‖q‖0) ∀(u, p), (v, q)∈(X, M),

(3.10)

β(‖uh‖1 + ‖ph‖0) ≤ sup
(vh,qh)∈(Xh,Mh)

|Bh((uh, ph); (vh, qh))|
‖vh‖1 + ‖qh‖0

∀(uh, ph) ∈ (Xh, Mh), (3.11)

|G(p, q)| ≤ ‖p − �h p‖0‖q − �hq‖0 ∀p, q ∈ M. (3.12)
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To derive error estimates, we define the Stokes projection operators
(R̄h, Q̄h) : (X, M)→(Xh, Mh) by

Bh((R̄h(v, q), Q̄h(v, q)); (vh, qh)) = B((v, q); (vh, qh)) ∀(v, q) ∈ (X, M),

(vh, qh) ∈ (Xh, Mh), (3.13)

which are well defined and satisfy the following approximation properties:

Lemma 3.2 Under the assumption of (A1), the projection operators (R̄h, Q̄h)

of the f inite element method satisfy

‖v − R̄h(v, q)‖0 + h
(‖v − R̄h(v, q)‖1 + ‖q − Q̄h(v, q)‖0

)≤ ch2(‖v‖2 + ‖q‖1),

(3.14)

for all (v, q) ∈ (D(A), H1(�) ∩ M).

Proof The proof of Lemma 3.2 is classical and can be easily derived from
the classical Galerkin finite element method. More details can be found in
[21, 27]. 
�

The next optimal error estimate holds for the stabilized finite element
method (3.8) and (3.9) for the transient Navier–Stokes equations.

Theorem 3.2 [27] Under the assumptions of (A1) and

‖u0‖2
2 +

(∫ t

0

(‖ f‖2
0 + ‖ ft‖2

0

)
ds

)1/2

≤ c, t ∈ [0, T],

it holds that

τ 1/2(t)‖u(t) − ūh(t)‖0 + h(‖u(t) − ūh(t)‖1 + τ 1/2(t)‖p(t) − p̄h(t)‖0) ≤ ch2,

t ∈ [0, T]. (3.15)

4 A stabilized finite volume method

Let Nh be the set containing all the interior nodes associated with the triangu-
lation Kh, and N be the total number of the nodes. To define the finite volume
method, a dual mesh K̃h is introduced based on Kh; the elements in K̃h are
called control volumes. The dual mesh can be constructed by the following
rule: For each element K ∈ Kh with vertices P j, j = 1, 2, 3, select its barycenter
Q j and the midpoint Mj on each of the edges of K, and construct the control
volumes in K̃h by connecting Q j to Mj as shown in Fig. 1.

Associated with K̃h, the dual finite element space is defined as

X̃h =
{
ṽ ∈ (

L2(�)
)2 : ṽ|K̃ ∈ P0(K̃) ∀K̃ ∈ K̃h; ṽ|∂ K̃ = 0

}
.
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Fig. 1 Control volumes
associated with triangles

Obviously, the dimensions of Xh and X̃h are the same. Furthermore, there
exists an invertible linear mapping �h : Xh→X̃h such that for

vh(x) =
N∑

j=1

vh(P j)ϕ j(x), x ∈ �, vh ∈ Xh, (4.1)

we have

�hvh(x) =
N∑

j=1

vh(P j)χ j(x), x ∈ �, vh ∈ Xh, (4.2)

where {ϕ j} indicates the basis of the finite element space Xh and {χ j} denotes
the basis of the finite volume space X̃h that are the characteristic functions
associated with the dual partition K̃h:

χ j(x) =
{

1 if x ∈ K̃ j ∈ K̃h,

0 otherwise.

The above idea of connecting the trial and test spaces in the Petrov–
Galerkin method through the mapping �h was first introduced in [31] in the
context of elliptic problems.

To introduce a variational formulation of the finite volume method, we
multiply (2.1) by �hvh ∈ X̃h and integrate over the dual elements K̃ ∈ K̃h,
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multiply equation (2.2) by qh ∈ Mh and integrate over the primal elements
K ∈ Kh, and apply Green’s formula to obtain the following bilinear forms:

A(uh, �hvh) = −
N∑

j=1

vh(P j) ·
∫

∂ K̃ j

∂uh

∂ �n ds, uh, vh ∈ Xh,

D(�hvh, ph) = −
N∑

j=1

vh(P j) ·
∫

∂ K̃ j

ph�n ds, ph ∈ Mh,

( f, �hvh) =
N∑

j=1

vh(P j) ·
∫

K̃ j

f dx, vh ∈ Xh,

where �n is the unit normal outward to ∂ K̃ j. Also, we define the trilinear form
b(·, ·, ·) : Xh × Xh × X̃h → � for the finite volume method

b(uh, vh, �hwh) = ((uh · ∇)vh, �hwh) + 1

2
((divuh)vh, �hwh) ∀uh, vh, wh ∈ Xh.

(4.3)

Here, the trilinear terms defined in (4.3) still holds the same form as the finite
volume method in [29]. However, it does not satisfy anti-symmetric property as
(2.7) any more. Thus, it is a key difficulty in theoretic analysis of finite volume
method for the nonlinear Navier–Stokes equations.

Now, the stabilized finite volume method is defined for the solution
(uh, ph) ∈ (Xh, Mh), t ∈ [0, T] as follows: For all (vh, qh) ∈ (Xh, Mh),

(uth, �hvh) + Ch((uh, ph); (vh, qh)) + b(uh, uh, �hvh) = ( f, �hvh), (4.4)

uh(x, 0) = Phu0(x), (4.5)

where the approximation uh ∈ Xh of the initial value u0 is given as follows:

(Phu0 − u0, �hvh) = 0,

which satisfies (3.1), and the bilinear form Ch(·; ·) on (X, M) × (Xh, Mh) is

Ch((u, p); (vh, qh)) = A(u, �hvh) + D(�hvh, p) + d(u, qh) + G(p, qh).

The next lemmas will heavily be used in the error analysis of problem (4.4)
and (4.5). The mapping �h satisfies the following properties [32]:

Lemma 4.1 For each K ∈ Kh, if vh ∈ Xh, 1 ≤ r ≤ ∞, and q > 0 is an integer,
then ∫

K
(vh − �hvh)dx = 0, ‖�hvh‖0 ≤ c7‖vh‖0, (4.6)

‖vh − �hvh‖0,r,K ≤ c8hK‖vh‖1,r,K, ‖vh − �hvh‖0,r,∂K ≤ c8hq−1/r
K ‖vh‖q,r,K,

(4.7)

where hK and ∂K are the diameter and boundary of the element K, respectively.
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Obviously, the mapping �h is a bridge between the finite volume methods
and finite element methods. We can apply the existing results of finite element
method to analyze the finite volume method. Unfortunately, there is still no
optimal order error O(h2) between them. Thus, it is another major difficult to
analyze the finite volume method for the nonlinear Navier–Stokes equations.

For the subsequent analysis, we now introduce a discrete analogue Ah of
the Laplace operator A through the condition

(Ahuh, vh) = (∇uh, ∇vh), uh, vh ∈ Xh.

Define

Vh = {vh ∈ Xh : d(vh, qh) = 0 ∀ qh ∈ Mh}.
The restriction of Ah to Vh is invertible, with the inverse A−1

h . In addition, Ah

is self-adjoint and positive definite. Therefore, we define the discrete Sobolev
norm on Vh for any order r ∈ R by

‖vh‖r = ‖Ar/2
h vh‖0, vh ∈ Vh.

This discrete Laplace operator is firstly introduced in [22] to analyze and obtain
optimal results for the complicated unsteady Navier–Stokes equations. In this
paper, optimal and superconvergence results can be made by reasonable reg-
ularity and useful techniques because of complexity of finite volume method
and the lower order O(h) error between the test function of the finite volume
method and that of finite element method.

Lemma 4.2 The mapping �h is self-adjoint with respect to the L2-inner product:

(uh, �hvh) = (�huh, vh) ∀uh, vh ∈ Xh. (4.8)

In addition, the norm

‖|uh‖|0 = (uh, �huh)
1/2

is equivalent to the usual L2-norm

c9‖uh‖0 ≤ ‖|uh‖|0 ≤ c10‖uh‖0, (4.9)

where the constants c9 > 0 and c10 > 0 are independent of h. In particular, if
uh(·, t) ∈ Xh, vh ∈ Xh, t ∈ [0, T], it holds

(uth, �hvh) = (�huth, vh). (4.10)

Finally, if vh = uh, it holds

(uth, �huh) = (�huth, uh) = 1

2

d
dt

‖|uh‖|20. (4.11)

Proof Results (4.8) and (4.9) can be found in [7]. For completeness, we
prove (4.10). Denote the vertices of an element K by P1, P2, and P3 (see
Fig. 2). Let ϕi be the basis function in K and ei, i = 1, 2, 3, be the quadrilateral
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Fig. 2 A triangular element

Pi Mi QMi+2, (M5 = M2, M4 = M1). For fixed t, any functions uh(·, t) and
vh(·, t) have the unique representations

uh(x, t)|K =
3∑

i=1

ui(t)ϕi(x), vh(x, t)|K =
3∑

j=1

v j(t)ϕ j(x), x ∈ �, ϕi(x) ∈ Xh,

(4.12)

where ui(t) and v j(t), i, j = 1, 2, 3, are the values of uh and vh at the node Pi,
respectively.

Then we see that

(uth, �hvh)K =
∑

K∈Kh

∫
K

3∑
i=1

d
dt

ui(t)ϕi�hvh dx

=
∑

K∈Kh

3∑
j=1

v j(t)
∫

e j

3∑
i=1

d
dt

ui(t)ϕi dx

=
∑

K∈Kh

3∑
i=1

3∑
j=1

dui(t)
dt

v j(t)
∫

e j

ϕi dx

=
∑

K∈Kh

3∑
i=1

3∑
j=1

dui(t)
dt

v j(t)
∫

ei

ϕ j dx

=
∑

K∈Kh

3∑
i=1

∫
ei

3∑
j=1

v j(t)ϕ j�h
dui(t)

dt
dx

= (�huth, vh)K, (4.13)
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where we used
∫

ei
ϕ jdx = ∫

e j
ϕidx [7]. In particular, if vh = uh, we have

(uth, �huh) = (�huth, uh) = 1

2

d
dt

‖|uh‖|20. (4.14)

Consequently, (4.10) and (4.11) are proven. 
�

Lemma 4.3 [25, 40] It holds that

A(uh, �hvh) = a(uh, vh) ∀uh, vh ∈ Xh, (4.15)

with the following properties:

A(uh, �hvh) = A(vh, �huh), (4.16)

|A(uh, �hvh)| ≤ c‖uh‖1‖vh‖1, (4.17)

|A(vh, �hvh)| ≥ c‖vh‖2
1. (4.18)

Moreover, the bilinear form D(·, ·) satisf ies

D(�hvh, qh) = −d(vh, qh) ∀(vh, qh) ∈ (Xh, Mh). (4.19)

Lemma 4.4 [25] It holds that

|Ch((uh, ph); (vh, qh))| ≤ c (‖uh‖1 + ‖ph‖0) (‖vh‖1 + ‖qh‖0)

∀(uh, ph), (vh, qh) ∈ (Xh, Mh). (4.20)

Moreover,

sup
(vh,qh)∈(Xh,Mh)

|Ch((uh, ph); (vh, qh))|
‖vh‖1 + ‖qh‖0

≥ β (‖uh‖1 + ‖ph‖0)

(uh, ph) ∈ (Xh, Mh), (4.21)

where β is independent of h.

To derive error estimates for the finite volume solution (uh, ph), we define
a projection operator (Rh, Qh) : (X, M)→(Xh, Mh) by

Ch((u − Rh(u, p), p − Qh(u, p)); (vh, qh)) = G(p, qh)∀(u, p) ∈ (X, M),

(vh, qh) ∈ (Xh, Mh), (4.22)

which is well defined by Lemma 4.4. Also, it satisfies the following stability and
approximation properties:

Lemma 4.5 Under the assumption of (A1), the projection operator (Rh, Qh)

satisf ies

‖Rh(u, p)‖1 + ‖Qh(u, p)‖0 ≤ c(‖u‖1 + ‖p‖0), (4.23)

‖u − Rh(u, p)‖1 + ‖p − Qh(u, p)‖0 ≤ ch(‖u‖2 + ‖p‖1), (4.24)

for all (u, p) ∈ (D(A), H1(�) ∩ M).
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Proof The stability property (4.23) can easily be shown by using Lemma 4.4.
We focus on the proof of the approximation property (4.24). Setting (Ihu −
Rh(u, p), Jh p − Qh(u, p)) = (e, η) and E = u − Ihu in (4.22), we see that

A(e, �hvh) + D(�hvh, η) + d(e, qh) + G(η, qh)

= −A(E, �hvh) − D(�hvh, p − Jh p)

−d(E, qh) − G(p − Jh p, qh) + G(p, qh). (4.25)

Obviously, we deduce from (3.1), (3.2), (3.4) and (3.6) that

|d(E, qh) + G(p − Jh p, qh) − G(p, qh)| ≤ ch(‖u‖2 + ‖p‖1)‖qh‖0. (4.26)

Then, using Green’s formula, the Cauchy–Schwarz inequality, (3.2), (4.7) and
Lemma 4.1, we have

|D(�hvh, p − Jh p)| =
∣∣∣∣∣
∑

K

(∇(p − Jh p), �hvh)K

∣∣∣∣∣

≤
∣∣∣∣∣
∑

K

(∇(p − Jh p), �hvh − vh)K

∣∣∣∣∣ + |(∇(p − Jh p), vh)|

≤
∑

K

‖∇(p − Jh p)‖0,K‖�hvh − vh‖0,K + |(divvh, p − Jh p)|

≤ ch‖p‖1‖vh‖1. (4.27)

Since

A(E, �hvh) = −
∑
j∈Nh

∑
K∩K̃ j

∫
∂ K̃ j∩K

∂ E
∂n

�hvhds

=
∑

K

∫
∂K

∂ E
∂n

�hvhds −
∑

K

(�E, �hvh)K

=
∑

K

∫
∂K

(
∂ E
∂n

− ∂�h E
∂n

)
(�hvh − vh)ds −

∑
K

(�E, �hvh − vh)K

−
∑

K

∫
∂K

∂ E
∂n

vhds +
∑

K

(∇E, ∇vh)K,

a similar argument yields

|A(E, �hvh)| ≤
∑

K

‖∇(E − �h E)‖0,∂K‖�hvh − vh‖0,∂K

+
∑

K

‖E‖2,K‖vh − �hvh‖0,K + c‖E‖1‖vh‖1

≤ ch‖u‖2‖vh‖1. (4.28)
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Using all the inequalities (4.26)–(4.28) in (4.25), we find

‖e‖1 + ‖η‖0 ≤ β−1 sup
(vh,qh)∈(Xh,Mh)

|Ch((e, η); (vh, qh))|
‖vh‖1 + ‖qh‖0

≤ ch(‖u‖2 + ‖p‖1). (4.29)

Finally, combining (4.29), (3.1), and (3.2) gives (4.24). 
�

So far, we refer to two kinds of the Stokes projections, based on Galerkin
system and Petrov–Galerkin system. The first Stokes projection defined in
(3.13) has optimal convergence results and leads to the optimal error estimate
for the finite element discretization of the transient Navier–Stokes equations.
As for the second one defined in (4.22), we can not obtain the optimal error
estimate of ‖u − Rh(u, p)‖0 because of lower order error between test function
of the finite element method and finite volume method. However, it is worth
to mention that both projects complement perfectly each other to obtain the
optimal results for the finite volume method of the transient Navier–Stokes
equations without any additional regularity on the exact solution.

Then, we will prove several useful estimates for the trilinear terms.

Lemma 4.6 It holds that, for uh, vh, wh ∈ Xh,

|b(uh, vh, �hwh − wh)|
≤ ch‖uh‖1‖vh‖1‖wh‖1, (4.30)

|b(uh, v − vh, �hwh − wh) + b(v − vh, uh, �hwh − wh)|
≤ ch1/2‖uh‖1/2

0 ‖uh‖1/2
1 ‖v − vh‖1‖wh‖1, (4.31)

|b(u, v − vh, �hwh − wh) + b(v − vh, u, �hwh − wh)|
≤ c‖u‖2‖v − vh‖1‖�hwh − wh‖0. (4.32)

Proof Using (2.3), (3.3), (3.6) and Lemma 4.1, we see that

|b(uh, vh, �hwh − wh)|

=
(

((uh − �huh) · ∇)vh + 1

2
div uh(vh − �hvh), �hwh − wh

)

≤ c(‖uh − �huh‖0‖∇vh‖L∞ + ‖vh − �hvh‖0‖∇ uh‖L∞)‖�hwh − wh‖0

≤ ch2
(
‖uh‖1‖A1/2

h vh‖1/2
0 ‖A3/2

h vh‖1/2
0 + ‖vh‖1‖A1/2

h uh‖1/2
0 ‖A3/2

h uh‖1/2
0

)
‖wh‖1

≤ ch‖uh‖1‖vh‖1‖wh‖1.
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Setting e = v − vh, we deduce from (2.3), (3.3), (3.6), and Lemma 4.1, that

|b(uh, v − vh, �hwh − wh)|

=
(

(uh · ∇)e + 1

2
div uh(e − �he), �hwh − wh

)

≤ (‖uh‖L∞‖e‖1 + ‖∇uh‖L∞‖e − �he‖0)‖�hwh − wh‖0

≤ ch
(
‖uh‖1/2

0 ‖Ahuh‖1/2
0 ‖e‖1 + ‖A1/2

h uh‖1/2
0 ‖A3/2

h uh‖1/2
0 ‖e − �he‖0

)
‖wh‖1

≤ ch1/2‖uh‖1/2
0 ‖uh‖1/2

1 ‖v − vh‖1‖wh‖1.

Similarly, we can obtain estimate of the second trilinear terms of (4.31) by the
same approach. Also, by (2.3) and the Cauchy–Schwarz inequality, we have

|b(u, v − vh, �hwh − wh) + b(v − vh, u, �hwh − wh)|
≤ c(‖u‖L∞‖v − vh‖1 + ‖∇u‖L4‖v − vh‖L4)‖�hwh − wh‖0

≤ c‖u‖2‖v − vh‖1‖�hwh − wh‖0.

As a result, (4.30), (4.31) and (4.32) are shown. 
�

5 Stability and error analysis

In this paper, the main focus is to analyze the stabilized finite volume method
based on the relationship between the finite element method and the finite
volume method and some additional analytical techniques. As noted earlier,
there are several difficulties in analyzing this finite volume method for the
transient Navier–Stokes equations. Some remarks need be made. First, the
analysis requires a slightly extra regularity on the source force to obtain the
optimal L2-norm for the velocity. The counterexample in [14, 23] showed that
the finite volume solutions approximated by the conforming linear elements
cannot have the optimal L2-norm convergence rate if the exact solution is in
H2(�) and the source term is only in L2(�) for a saddle point problem. Second,
additional attention is here required to treat the trilinear term for the nonlinear
Naiver-Stokes equations because of its losing the anti-symmetric property.
Third, additional techniques need be provided to analyze the parabolic system
that is in the form of the Petrov–Galerkin system generated by two different
Stokes projections.

From the point of view of implementation, the stabilized finite volume
method consists of several subroutines for solving the transient Navier–Stokes
equations. First, we solve the Stokes equations approximated by the lowest
equal-order finite element pair to obtain an initial value for the iterative
finite volume method for the transient Navier–Stokes equations. Then two
nested loops in the algorithm are involved in time and space for solving these
equations. In addition, a nested loop in space is contained in the loop of time
by the Picard iterative finite volume method at each fixed time step.
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Finite volume algorithm for the transient Navier–Stokes equations

Step I Find (u0
h, p0

h) ∈ (Xh, Mh) satisfying the following Stokes equations:

Ch((u0
h, p0

h); (vh, qh)) = ( f, �hvh) ∀(vh, qh) ∈ (Xh, Mh).

Moreover, set the iterative step m = 0, 1, 2, . . ., the error of two suc-

cessive solutions em =
√

(um
h − um−1

h )2 + (pm
h − pm−1

h )2 (m = 0, em =
0), and a sufficient small iterative tolerance ε > 0.

Step II Solve the stationary linear Naiver-Stokes equations (LNS) at
each fixed step by applying the Picard iterative finite volume
approximation:((

um
h − um−1

h

)
/τ, �hvh

) + Ch
((

um
h , pm

h

) ;
(vh, qh)) + b

(
um−1

h , um
h , �hvh

) = ( f, �hvh).

Routine:
[u0

h, p0
h]=Stokes(K̃h, f );

for i = 0, 1, 2, · · · T/dt;
while (em > ε) do
(um

h , pm
h )→(um−1

h , pm−1
h );

[um
h , pm

h ]=LNS(K̃h, um−1
h , pm−1

h , f );
end while
end for

We now prove that the system in (4.4) and (4.5) is solvable at each fixed
time. As an example, we prove a stability result in the next lemma.

Lemma 5.1 Under the assumptions of (A1) and (A2), there is the parameter h0

such that

0 < h0(h) = 2c4c6c8κ0| log h|1/2h2

ν
< 1/2 (5.1)

for suf f iciently small h > 0, it holds that, for t ∈ [0, T],
‖uh(t)‖2

0 + ∫ t
0

(
ν‖uh‖2

1 + G(ph, ph)
)

ds ≤ c, (5.2)

‖u(t) − uh(t)‖2
0 + ∫ t

0

(
ν‖u − uh‖2

1 + G(p − ph, p − ph)
)

ds ≤ ch2. (5.3)

Furthermore, we have

ν‖uh(t)‖2
1 + G(ph(t), ph(t)) +

∫ t

0
‖uht‖2

0ds ≤ c. (5.4)

Proof Based on the previous finite volume algorithm, the initial value pro-
duced by the finite volume solution of the Stokes equations can obviously be
bounded by some positive constant independent of h [25]. At a fixed time step,
we consider the iterative finite volume scheme described above:

(uth, �hvh) + Ch((uh, ph); (vh, qh)) + b(v̄h, uh, �hvh) = ( f, �hvh). (5.5)
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Then we assume that

ν‖v̄h‖2
1 + G(qh, qh) +

∫ t

0
‖v̄ht‖2

0ds ≤ c.

Taking (vh, qh) = (uh, ph) in (5.5) and using Lemma 4.2 and (2.7), we see that

1

2

d
dt

‖|uh‖|20 + ν‖uh‖2
1 + G(ph, ph) + b(v̄h, uh, �huh − uh) = ( f, �huh). (5.6)

Using (2.3), (3.3), (3.6), and (4.7), we have

|b(v̄h, uh, �huh − uh)|

=
(

((v̄h − �hv̄h) · ∇)uh + 1

2
div v̄h(uh − �huh), �huh − uh

)

≤ (‖v̄h − �hv̄h‖0‖∇uh‖L∞ + ‖uh − �huh‖0‖∇ v̄h‖L∞)‖�huh − uh‖0

≤ 2c4c6c8| log h|1/2h2‖v̄h‖1‖uh‖2
1

and

|( f, �huh)| ≤ c7‖ f‖0‖uh‖0 ≤ 1

4
c2

7‖ f‖2
0 + ‖uh‖2

0.

Then we deduce from (5.5) and (5.6) that

1

2

d
dt

‖|uh‖|20 + ν(1 − h0)‖uh‖2
1 + G(ph, ph) ≤ c2

7‖ f‖2
0 + 1

4
‖uh‖2

0.

Integrating the above inequality from 0 to t with respect to time, applying the
Gronwall inequality, and noting that

‖|uh(0)‖|0 ≤ ‖|Rh(u0, p0)‖|0 ≤ c(‖u0‖1 + ‖p0‖0) ≤ c11,

we obtain

‖uh(t)‖2
0 +

∫ t

0
(ν‖uh‖2

1 + G(ph, ph))ds ≤ c−1
9

(
2c2

7

∫ t

0
‖ f‖2

0 ds + c2
11

)
eT/2,

which implies the desired result (5.2).
Multiplying (2.1) and (2.2) by �hvh and qh, integrating over K̃ and K,

respectively, and using (4.4) and (4.5), we see that

(ut − uht, �hvh) + Ch((u − uh, p − ph); (vh, qh)) + b(u − uh, u, vh)

+ b(uh, u − uh, vh) + b(u − uh, u, �hvh − vh)

+ b(uh, u − uh, �hvh − vh) = G(p, qh). (5.7)
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Setting (e, η) = (R̄h(u, p) − uh, Q̄h(u, p) − ph) and E = u − R̄h(u, p), using
Lemma 4.2 and (2.7), and taking (vh, qh) = (e, η) in (5.7), we have

1

2

d
dt

‖|e‖|20 + ν‖e‖2
1 + G(η, η) + b(E + e, u, e) + b(uh, E, e)

+ b(E + e, u, �he − e) + b(uh, E + e, �he − e) = −(Et, �he)

− A(E, �he) − D(�he, p − Q̄h(u, p))

− d(u − R̄h(u, p), η) − G(p − Q̄h(u, p), η) + G(p, η). (5.8)

Using Lemma 2.2, (2.3), (2.7)–(2.9), and the Young inequality, we see that

|(Et, �he)| ≤ c‖Et‖0‖e‖0 ≤ ch2
(‖ut‖2

1 + ‖pt‖2
0

) + ‖e‖2
0,

|b(E, u, e)| ≤ c‖E‖1‖u‖1‖e‖1 ≤ ν

16
‖e‖2

1 + c‖E‖2
1‖u‖2

1,

|b(e, u, e)| ≤ c
{
‖e‖0‖e‖1‖u‖1 + ‖e‖1/2

0 ‖e‖3/2
1 ‖u‖1/2

0 ‖u‖1/2
1

}

≤ ν

16
‖e‖2

1 + c
(
1 + ‖u‖2

0

) ‖u‖2
1‖e‖2

0,

|b(uh, E, e)| ≤ c‖uh‖1‖E‖1‖e‖1 ≤ ν

16
‖e‖2

1 + c‖uh‖2
1‖E‖2

1.

Also, using (2.3), Lemma 4.6 and (5.2), an inverse inequality, and the Schwarz
inequality, we obtain

|b(E, u, �he − e)| ≤ c‖E‖1‖u‖2‖�he − e‖0 ≤ ν

16
‖e‖2

1 + ch2‖u‖2
2‖E‖2

1,

|b(e, u, �he − e)| ≤ c‖u‖2‖e‖1‖�he − e‖0 ≤ ν

16
‖e‖2

1 + c‖u‖2
2‖e‖2

0,

|b(uh, e, �he − e)| ≤ ch‖uh‖1‖e‖1‖e‖1 ≤ ν

16
‖e‖2

1 + c‖uh‖2
1‖e‖2

0,

|b(uh, E, �he − e)| ≤ ch1/2‖uh‖1/2
0 ‖uh‖1/2

1 ‖E‖1‖e‖1 ≤ ν

16
‖e‖2

1 + c‖E‖2
1.

Moreover, we deduce from (2.1), (2.2), (3.13), (4.4), (4.5), (4.15) and (4.19) that

|A(E, �e) + D(�he, p − Q̄h(u, p))| = ( f − ut − (u · ∇)u, �he − e)

≤ ch(‖ f‖0 + ‖ut‖0 + ‖u‖2‖u‖1)‖e‖1

≤ ν

16
‖e‖2

1 + ch2
(‖ f‖2

0 + ‖ut‖2
0

)
,

|d(E, η) + G(p − Q̄h(u, p), η) − G(p, η)| = 0. (5.9)

Now, substituting these inequalities into (5.8) and using (A2), we find

d
dt

‖|e‖|20 + ν‖e‖2
1 + G(η, η) ≤ c

{
h2

(‖ut‖2
0 + ‖ f‖2

0 + ‖u‖2‖u‖1
)

+ (
1 + ‖u‖2

2 + ‖uh‖2
1

) ‖u‖2
1‖e‖2

0 + (
1 + ‖uh‖2

1 + ‖u‖2
2

) ‖E‖2
1

}
.
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Therefore, integrating the above inequality from 0 to t, we deduce from the
Schwarz inequality, Lemmas 2.1 and 2.2, (5.2), and (4.9) that

‖e(t)‖2
0 +

∫ t

0

(
ν‖e‖2

1 + G(η, η)
)

ds ≤ ch2, (5.10)

which, together with Lemmas 2.2 and 3.2, yields

‖u(t) − uh(t)‖2
0 +

∫ t

0

(
ν‖u − uh‖2

1 + G(p − ph, p − ph)
)

ds ≤ ch2. (5.11)

Thus the desired result (5.3) follows.
Differentiating the term d(uh, qh) + G(ph, qh) with respect to time t, taking

(vh, qh) = (uht, ph) in (4.4) and (4.5), and using Lemma 4.3, we see that

‖|uht‖|20 + 1

2

d
dt

(ν‖uh‖2
1 + G(ph, ph)) + b(uh, u − uh, uht − �huht)

− b(u − uh, u, �huht) − b(uh, u − uh, uht) + b(u, u, �huht)=( f, �huht).

(5.12)

Applying (2.3), (2.7)–(2.9), (3.3), Lemma 4.6 and the Young inequality,
leads to

|b(uh, u − uh, uht − �huht)| ≤ ch1/2‖uh‖1/2
0 ‖uh‖1/2

1 ‖u − uh‖1‖uht‖1

≤1

8
‖uht‖2

0 + ch−2‖uh‖2
0‖u − uh‖2

1,

|b(u − uh, u, �huht)| ≤ c‖u − uh‖1‖u‖2‖�huht‖0

≤1

8
‖uht‖2

0 + c‖u‖2
2‖u − uh‖2

1,

|b(u, u, �huht − uht))| ≤c‖u‖2‖u‖1‖uht‖0

≤1

8
‖uht‖2

0 + c‖u‖2
1‖u‖2

2,

The combination of the inverse inequality (3.3) and the Cauchy–Schwarz
inequality implies that

|b(uh, u − uh, uht))|
≤ ch−1/2

(
‖uh‖1/2

0 ‖uh‖1/2
1 ‖u − uh‖1 + ‖uh‖1‖u − uh‖1/2

0 ‖u − uh‖1/2
1

)
‖uht‖0

≤ 1

8
‖uht‖2

0 + ch−2‖uh‖0
(‖uh‖0‖u − uh‖2

1 + ‖uh‖1‖u − uh‖0‖u − uh‖1
)
.

In addition, a simple computation shows that

|( f, �huht)| ≤‖ f‖0‖uht‖0 ≤ 1

4
‖uht‖2

0 + c‖ f‖2
0.

301



J. Li, Z. Chen

Combining all these inequalities with (4.2) and (5.2) yields

‖uht‖2
0 + d

dt
(ν‖uh‖2

1 + G(ph, ph)) ≤ c
{‖u‖2

2‖u − uh‖2
1 + ‖u‖2

1‖u‖2
2 + ‖ f‖2

0

+ h−2‖uh‖0
(‖uh‖0‖u − uh‖2

1 + ‖uh‖1‖u − uh‖0‖u − uh‖1
)}

. (5.13)

Then, integrating (5.13) from 0 to t with respect to time, using Lemma 2.2 and
(4.23), and noting that

ν‖uh(0)‖2
1 + G(ph(0), ph(0)) ≤ ‖R̄h(u(0), p(0))‖2

1 + ‖Q̄h(u(0), p(0))‖2
0

≤ c
(‖u‖2

1 + ‖p‖2
0

)
,

we deduce from (5.2), (5.3), (A2), and Lemma 2.2 that

ν‖uh(t)‖2
1 + G(ph(t), ph(t)) +

∫ t

0
‖uht‖2

0ds ≤ c
(‖u‖2

1 + ‖p‖2
0

)

+ c
{
‖u‖2

2

∫ t

0
‖u − uh‖2

1ds +
∫ t

0

(‖u‖2
2 + ‖ f‖2

0

)
ds + h−2

∫ t

0
‖u − uh‖2

1ds

+ h−2‖u − uh‖0

(∫ t

0
‖uh‖2

1ds
)1/2 (∫ t

0
‖u − uh‖2

0ds
)1/2}

≤ c.

By using a mathematical induction argument, we complete the proof
of (5.4). 
�

Lemma 5.2 Under the assumptions of (A1)–(A2), it holds that, for t ∈ [0, T],

‖uht(t)‖2
0 +

∫ t

0

(
ν‖uht‖2

1 + G(pht, pht)
)

ds ≤ c, (5.14)

τ(t)
(
ν‖uht(t)‖2

1 + G(pht(t), pht(t))
) +

∫ t

0
τ(s)‖uhtt‖2

0 ds ≤ c. (5.15)

Proof By differentiating (4.4) and (4.5) with respect to time, it follows that

(uhtt, �hvh) + Ch((uht, pht); (vh, qh)) + b(uht, uh, �hvh) + b(uh, uht, �hvh)

= ( ft, �hvh) ∀ (vh, qh) ∈ (Xh, Mh). (5.16)

Taking (vh, qh) = 2(uht, pht) in (5.16) and using Lemma 4.2, we have

d
dt

‖|uht‖|20 + 2ν‖uht‖2
1 + 2G(pht, pht) + 2b(uht, uh, �huht − uht)

+ 2b(uht, uh, uht) + 2b(uh, uht, �huht − uht) ≤ ‖uht‖2
0 + c‖ ft‖2

0.

(5.17)
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Using (2.3) and (4.30), we see that

2|b(uht, uh, uht)| ≤ c
(
‖uht‖0‖uh‖1‖uht‖1 + ‖uh‖1/2

0 ‖uh‖1/2
1 ‖uht‖1/2

0 ‖uht‖3/2
1

)

≤ ν

2
‖uht‖2

1 + c‖uh‖2
0‖uh‖2

1‖uht‖2
0,

2|b(uht, uh, �huht−uht) + b(uh, uht, �huht − uht)| ≤ ch‖uh‖1‖uht‖1‖uht‖1

≤ ν

2
‖uht‖2

1 + c‖uh‖2
1‖uht‖2

0,

which, together with (5.17), gives

d
dt

‖|uht‖|20 + ν‖uht‖2
1 + G(pht, pht) ≤ c

{
(1 + ‖uh‖2

0)‖uh‖2
1‖uht‖2

0 + ‖ ft‖2
0

}
.

(5.18)

Integrating (5.18) with respect to time and using Lemmas 2.1, 4.2, 5.1 and (A2),
we obtain (5.14).

Now, differentiating again the term d(uht, qh) + G(pht, qh) in (4.4), and
taking (vh, qh) = (uhtt, pht), we see that

‖|uhtt‖|20 + 1

2

d
dt

(
ν‖uht‖2

1 + G(pht, pht)
) + b(u, uht, �huhtt) + b(uht, u, �huhtt)

+ b(uht, uh − u, �huhtt) + b(uh − u, uht, �huhtt) ≤ 1

8
‖uhtt‖2

0 + c‖ ft‖2
0.

(5.19)

Obviously, using (2.9), (3.3), and Lemma 4.6, we have

|b(u, uht, �huhtt) + b(uht, u, �huhtt)|

≤ c‖u‖2‖uht‖1‖uhtt‖0 ≤ 1

4
‖uhtt‖2

0 + c‖u‖2
2‖uht‖2

1,

|b(uht, uh − u, �huhtt − uhtt) + b(uh − u, uht, �huhtt − uhtt)|
≤ ch1/2‖uht‖1/2

0 ‖uht‖1/2
1 ‖u − uh‖1‖uhtt‖1

≤ 1

8
‖uhtt‖2

0 + ch−2‖uht‖2
0‖u − uh‖2

1.

Combining these estimates with (5.19), it follows from Lemmas 2.2, 4.2 and
(3.3) that

‖uhtt‖2
0 + d

dt

(
ν‖uht‖2

1 + G(pht, pht)
)

≤ c
{‖u‖2

2‖uht‖2
1 + h−2‖uht‖2

0‖u − uh‖2
1 + ‖ ft‖2

0

}
. (5.20)
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Finally, multiplying (5.20) by τ(t), integrating from 0 to t, and using Lemma
2.2, we obtain

τ(t)
(
ν‖uht(t)‖2

1 + G(pht(t), pht(t))
) +

∫ t

0
τ(s)‖uhtt‖2

0ds

≤
(

c
{
‖u‖2

2

∫ t

0
‖uht‖2

1ds + h−2‖uht‖2
0

∫ t

0
‖u − uh‖2

1ds +
∫ t

0
‖ ft‖2

0ds
}

+
∫ t

0
ν‖uht‖2

1 + G(pht, pht)

)
ds. (5.21)

Therefore, combining (5.21) with Lemmas 2.2, (5.3), (5.14) and (A2) completes
the proof of (5.15). 
�

Lemma 5.3 Under the assumptions of (A1)–(A2), it holds that, for t ∈ [0, T],

ν‖u(t) − uh(t)‖2
1 +

∫ t

0
‖ut − uht‖2

0 ds ≤ ch2. (5.22)

Proof Differentiating the term d(u − uh, qh) + G(p − ph, qh), taking
(vh, qh) = (et, η) = (R̄ht(u, p) − uht, Q̄h(u, p) − ph) in (5.7), and using Lemma
4.2, we see that

‖et‖2
0 + 1

2

d
dt

(
ν‖e‖2

1 + G(η, η)
) + b(u − uh, u, et) + b(u, u − uh, et)

−b(u − uh, u − uh, et)+b(u, u − uh, �het − et)+b(u − uh, u, �het − et)

−b(u − uh, u − uh, �het − et) = −(Et, �het) − A(E, �het)

−D(�het, p − Q̄h(u, p)) − d(Et, η) − G(pt − Q̄ht(u, p), η) + G(pt, η).

(5.23)

Applying (2.3), (2.7)–(2.9), (3.3), and Lemmas 2.2, 4.1, we have

|b(u − uh, u, �het) + b(u, u − uh, et)| ≤ c‖u‖2‖u − uh‖1‖et‖0

≤ 1

12
‖et‖2

0 + c‖u‖2
2‖u − uh‖2

1,

|b(uh − u, u − uh, et)| ≤ c‖u − uh‖1/2
0 ‖u − uh‖3/2

1 ‖et‖1/2
0 ‖et‖1/2

1

≤ 1

12
‖et‖2

0 + ch−1‖u − uh‖0‖u − uh‖3
1,
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Due to (2.3), (3.3), (4.32), (5.3) and the Cauchy–Schwarz inequality, we bound
the following two inequalities

|b(u, u − uh, �het − et) + b(u − uh, u, �het − et)|
≤ c‖u‖2‖u − uh‖1‖et‖0

≤ 1

12
‖et‖2

0 + c‖u‖2
2‖u − uh‖2

1,

|b(u − uh, u − uh, et − �het)|
≤ c‖u − uh‖1/2

0 ‖u − uh‖3/2
1 ‖�het − et‖L4

≤ ch‖u − uh‖1/2
0 ‖u − uh‖3/2

1 ‖A1/2
h et‖L4

≤ ch1/2‖u − uh‖3/2
1 ‖et‖0

≤ 1

12
‖et‖2

0 + c(‖uh‖1 + ‖u‖1)‖u − uh‖2
1.

Using Lemma 3.2 and the Young inequality, leads to

|(Et, �het)| ≤c‖Et‖0‖et‖0 ≤ ch2
(‖ut‖2

1 + ‖pt‖2
0

) + 1

12
‖et‖2

0.

Moreover, using (3.4)–(3.6), (3.13) and the same approach as (5.9) gives

|A(E, �het) + D(�het, pt − Q̄ht(u, p))|
= |( f − (u · ∇)u − ut − �h( f − (u · ∇)u − ut), �het − et)|
≤ ch2

(‖ f‖2
1 + ‖ut‖2

1

) + 1

12
‖et‖2

0,

|d(Et, η) + G(pt − Q̄ht(u, p), η) − G(pt, η)| = 0.

Hence combining these inequalities with (5.23) yields

‖et‖2
0 + d

dt

(
ν‖e‖2

1 + G(η, η)
)

≤ c
{(‖u‖2

2 + ‖uh‖2
1

) ‖u − uh‖2
1 + h2

(‖ut‖2
1 + ‖ f‖2

1

)

+ ch−1‖u − uh‖0(‖uh‖1 + ‖u‖1)‖u − uh‖2
1

}
.

Integrating the above inequality from 0 to t and using (5.3) and (5.4) and (A2),
we can see that

ν‖e(t)‖2
1 + G(η(t), η(t)) +

∫ t

0
‖et‖2

0ds

≤ ch2
∫ t

0

(‖ut‖2
1+‖ f‖2

1

)
ds+ch2

(‖u‖2
1+‖uh‖2

1

) ≤ ch2, (5.24)

which, together with Lemmas 2.2 and 3.2, yields the desired result (5.22). 
�
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Lemma 5.4 Under the assumptions of (A1)–(A2), it holds that, for t ∈ [0, T],

τ(t)‖ut(t) − uht(t)‖2
0 + ν

∫ t

0
τ(s)‖et‖2

1ds ≤ ch2. (5.25)

Proof Multiplying (2.1) and (2.2) by �hvh and qh, integrating over K̃ and K,
respectively, and using (4.4) and (4.5), yields that

(ut − uht, �hvh) + Ch((u − uh, p − ph); (vh, qh)) + b(u − uh, u, �hvh)

+ b(u, u − uh, �hvh) − b(u − uh, u − uh, �hvh) = 0.

Differentiating the above equations with respect to time t and noting that the
definition of L2-projection satisfies

(utt − Phutt, �hvh) = 0,

we obtain that

(utt − uhtt, �hvh) + Ch((Phut − uh, pt − Jh pt); (vh, qh)) + b(ut − uht, u, �hvh)

+ b(u − uh, ut, �hvh) + b(ut, u − uh, �hvh) + b(u, ut − uht, �hvh)

− b(ut − uht, u − uh, �hvh) − b(u − uh, ut − uht, �hvh)

= G(pt, qh) − A(ut − Phut, �hvh) − D(�hvh, pt − Jh pt)

− d(ut − Phut, qh) − G(pt − Jh pt, qh). (5.26)

Taking (vh, qh) = (et, 0) = (Phut − uht, 0) in (5.26), we see that

1

2

d
dt

‖|et‖|20 + ν‖et‖2
1 + b(ut − uht, u, �het − et) + b(u − uh, ut, �het − et)

+ b(ut, u − uh, �het − et) + b(u, ut − uht, �het − et)

− b(ut − uht, u − uh, �het − et) − b(u − uh, ut − uht, �het − et)

+ b(ut − uht, u, et) + b(u − uh, ut, et) + b(ut, u − uh, et)

+ b(u, ut − uht, et) − b(ut − uht, u − uh, et) − b(u − uh, ut − uht, et)

= −A(ut − Phut, �het) − D(�het, pt − Jh pt). (5.27)

By Lemma 4.6 and the Young inequality, it follows that

|b(ut − uht, u, �het − et) + b(u, ut − uht, �het − et)|
≤ c‖ut − uht‖1‖u‖2‖�het − et‖0

≤ ν

16
‖et‖2

1 + ch2
(‖ut‖2

1 + ‖uht‖2
1

)
,

|b(u − uh, ut, �het − et) + b(ut, u − uh, �het − et)|
≤ c‖u − uh‖1‖ut‖2‖�het − et‖0

≤ ν

16
‖et‖2

1 + ch2‖ut‖2
2

(‖u‖2
1 + ‖uh‖2

1

)
.
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Applying (2.3), (3.3) and (4.7), we estimate as follows:

|b(ut − uht, u − uh, �het − et)|
≤ ch1/2

(
‖uht‖1/2

0 ‖uht‖1/2
1 + ‖ut‖1

)
‖u − uh‖1‖�het − et‖0

≤ c(‖uht‖0 + ‖ut‖1)‖u − uh‖1‖�het − et‖0

≤ ν

16
‖et‖2

1 + c
(‖uht‖2

0 + ‖ut‖2
1

) ‖u − uh‖2
1.

Thanks to (2.8) and (2.9), (2.3), and the Young inequality, we find that

|b(ut − uht, u, et) + b(u, ut − uht, et)|
≤ c‖u‖2‖et‖1(‖ut − uht‖0 + ‖et‖0)

≤ ν

16
‖et‖2

1 + c‖u‖2
2‖et‖2

0 + ch2
(‖ut‖2

2 + ‖pt‖2
1

)
,

|b(u − uh, ut, et)| + |b(ut, u − uh, et)|
≤ c‖ut‖1‖et‖1‖u − uh‖1

≤ ν

16
‖et‖2

1 + c‖ut‖2
1‖u − uh‖2

1.

Also, the same approach described above can be used to obtain the following
estimate:

|b(ut − uht, u − uh, et)| + |b(u − uh, ut − uht, et)|
= |b(Et, u − uh, et) + b(u − uh, Et, et) + b(et, u − uh, et)|
≤ c‖Et‖1‖u − uh‖1‖et‖1

+ c
(
‖et‖0‖et‖1‖u − uh‖1 + ‖et‖1/2

0 ‖et‖3/2
1 ‖u − uh‖1/2

0 ‖u − uh‖1/2
1

)

≤ ν

16
‖et‖2

1 + c(‖ut‖2
1 + ‖Rh(u, p)‖2

1)‖u − uh‖2
1

+ c‖et‖2
0‖u − uh‖2

1

(
1 + ‖u − uh‖2

0

)

≤ ν

16
‖et‖2

1 + c
(‖ut‖2

1 + ‖u‖2
2 + ‖p‖2

1

) ‖u − uh‖2
1 + c‖et‖2

0

(‖u‖2
1 + ‖uh‖2

1

)
.

Similarly, with the same approach as for Lemma 4.5, we arrive at

|A(ut − Phut, �het)| ≤ch‖ut‖2‖et‖1 ≤ ν

16
‖et‖2

1 + ch2‖ut‖2
2,

|D(�het, pt − Jh pt)| ≤ch‖pt‖1‖et‖1 ≤ ν

16
‖et‖2

1 + ch2‖pt‖2
2.
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Also, using the inverse inequality (3.3), Lemmas 4.1, 4.6, (5.3), and the Young
inequality leads to

|b(u − uh, ut − uht, �het − et)|
= |b(u − uh, ut, �het − et) − b(u − uh, uht, �het − et)|
≤ c‖ut‖2‖u − uh‖1‖�het − et‖0 + ch1/2‖uht‖1/2

0 ‖uht‖1/2
1 ‖u − uh‖1‖et‖1

≤ ch(‖ut‖2 + ‖uht‖0)‖et‖1‖u − uh‖1

≤ ν

16
‖et‖2

1 + ch2
(‖ut‖2

2 + ‖uht‖2
0

)
.

Applying these inequalities, Lemmas 2.2 and 5.1–5.3, and the triangle inequal-
ity yields

d
dt

‖|et‖|20 + ν‖et‖2
1 ≤ c

{
h2

(‖ut‖2
2 + ‖pt‖2

1 + ‖uht‖2
1

) + (‖uh‖2
1 + ‖u‖2

2

) ‖et‖2
0

+ (‖ut‖2
2 + ‖pt‖2

1 + ‖uht‖2
0

) ‖u − uh‖2
1

}
. (5.28)

Substituting these inequalities into (5.27) by τ(t), integrating from 0 to t, we
conclude that

τ(t)‖et(t)‖2
0 + ν

∫ t

0
τ(s)‖et‖2

1ds

≤ c
{

h2
∫ t

0
τ(s)

(‖ut‖2
2 + ‖pt‖2

1 + ‖uht‖2
1

)
ds

+ ‖u(t) − uh(t)‖2
1

∫ t

0
τ(s)

(‖ut‖2
2 + ‖uht‖2

0 + ‖pt‖2
1

)
ds

+
∫ t

0
τ(s)

(‖uh‖2
1 + ‖u‖2

2

) ‖et‖2
0ds +

∫ t

0
‖et‖2

0ds
}
,

which, together with (3.1), (3.2), (5.24), Lemmas 2.1 and 2.2 and 5.1–5.3,
completes the proof. 
�

Lemma 5.5 Under the assumptions of (A1)–(A2), it holds that, for t ∈ [0, T],

τ 1/2(t)‖p(t) − ph(t)‖0 ≤ ch. (5.29)
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Proof Setting (e(t), η(t)) = (Rh(u(t), p(t)) − uh(t), Qh(u(t), p(t)) − ph(t)) and
using (2.3), (3.3), (4.21), (4.24) and (5.7) yield that

β‖η(t)‖0

≤ sup
(vh,qh)∈(Xh,Mh)

Ch((e, η); (vh, qh))

‖vh‖1 + ‖qh‖0

= sup
(vh,qh)∈(Xh,Mh)

{
(ut − uht, �hvh) + b(u − uh, u, vh) + b(u − uh, u, �hvh − vh)

‖vh‖1 + ‖qh‖0

+ (b(uh, u − uh, �hvh − vh) + b(uh, u − uh, vh)

‖vh‖1 + ‖qh‖0

}
. (5.30)

In view of (2.8) and (2.9), Lemma 4.6, it follows that

|b(u − uh, u, vh) + b(uh, u − uh, vh)| ≤ c(‖u‖1 + ‖uh‖1)‖u − uh‖1‖vh‖1,

|b(u − uh, u, �hvh − vh)| ≤ c‖u‖2‖u − uh‖1‖�hvh − vh‖1

≤ ch‖u‖2‖u − uh‖1‖vh‖1.

The combination of Lemmas 5.3 and 5.4 shows that

τ 1/2(t)‖η(t)‖0 ≤ cτ 1/2(t)(‖ut(t) − uht(t)‖0 + ‖u(t) − uh(t)‖1) ≤ ch. (5.31)

As a result, applying Lemmas 2.2 and 4.5 and (5.31) gives

τ 1/2(t)‖p(t) − ph(t)‖0 ≤ τ 1/2(t)(‖η(t)‖0 + c‖p(t) − Qh(u(t), p(t))‖0) ≤ ch,

which is (5.29). 
�

Theorem 5.6 Under the assumptions of (5.1) and (A1)–(A2), it holds that, for
t ∈ [0, T],

‖u(t) − uh(t)‖1 + τ 1/2(t)‖p(t) − ph(t)‖0 ≤ ch. (5.32)

This theorem follows from Lemmas 5.3 and 5.5.

6 L2-error estimates

Observed from the previous analysis in Section 5, we can find that different
analysis techniques are applied to the finite volume method from those for the
finite element method for the transient Navier–Stokes equations. As for the
L2-norm estimate for velocity, we must take special care of the optimal order
convergence analysis because there is only an O(h) error between the test
functions of the finite element method and those of the finite volume method.

In this section we estimate the error ‖u − uh‖0 using a parabolic duality ar-
gument for a backward-in-time linearized Navier–Stokes problem [21, 22, 24].
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The dual problem is to seek (�(t), �(t)) ∈ X × M such that, for t ∈ [0, T] and
g ∈ L2(0, T; Y),

(v, �t) − B
(
(v, q); (�, �)

) − b(u, v, �) − b(v, u, �) = (v, u − uh), (6.1)

for all (v, q) ∈ (X, M), with �(T) = 0. This problem is well-posed and has a
unique solution (�, �) satisfying [24]

� ∈ C(0, T; V) ∩ L2(0, T; D(A)) ∩ H1(0, T; Y), � ∈ L2(0, T; H1(�) ∩ M).

We recall the following regularity result [24].

Lemma 6.1 Under the assumption of (A1), the solution (�, �) of (6.1) satisf ies

sup
0≤t≤T

‖�(t)‖2
1 +

∫ T

0

(‖�‖2
2 + ‖�‖2

1 + ‖�t‖2
0

)
dt ≤ c

∫ T

0
‖u − uh‖2

0 dt. (6.2)

Based on the results provided in Section 5, a duality argument is applied to
overcome the lower order convergence rate of the Stokes projection defined
in (4.22) by involving the Stokes projection defined in (3.13). Then, optimal
analysis is provided in the following two Lemmas.

Lemma 6.2 Under the assumptions of (A1)–(A2), it holds that, for t ∈ [0, T],
∫ T

0
‖u − uh‖2

0ds ≤ ch4. (6.3)

Proof Let (�h(t), �h(t)) be the dual Galerkin projection in (Xh, Mh) of
(�(t), �(t)) such that

Bh((vh, qh)); (�h, �h)) = B((vh, qh); (�, �)) ∀ (vh, qh) ∈ (Xh, Mh), (6.4)

with

‖�h‖1 + ‖�h‖0 ≤ c(‖�‖1 + ‖�‖0),

‖� − �h‖0 + h(‖� − �h‖1 + ‖� − �h‖0) ≤ ch2(‖�‖2 + ‖�‖1). (6.5)

Taking (vh, qh) = (�h, �h) in (5.7), we can find that

(et, �h�h) + Ch
(
(e, η); (�h, �h)

) + b(u, e, �h�h)

+ b(e, u, �h�h) − b(e, e, �h�h) = 0,
(6.6)

where (e, η) = (u − uh, p − ph). Adding (6.6) and (6.1) with (v, q) = (e, η), we
see that

‖e‖2
0 = d

dt
(e, �) − (et, � − �h�h) + A(e, �h�h) − a(e, �h) + D(�h�h, η)

+ d(�h, η) − a(e, � − �h) − d(e, � − �h) + d(� − �h, η) + G(η, �h)

− b(e, u, � − �h�h) − b(u, e, � − �h�h) − b(e, e, �h�h).
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That is,

‖e‖2
0 = d

dt
(e, �) − (et, � − �h�h) + A(u, �h�h) − a(u, �h) + D(�h�h, p)

+ d(�h, p) − Bh((e, η); (� − �h, � − �h)) + G(η, �)

− b(e, u, � − �h�h) − b(u, e, � − �h�h) − b(e, e, �h�h). (6.7)

Noting that

|(et, � − �h)| ≤ ch2(‖ut‖0 + ‖uht‖0)‖�‖2,

|(et, �h − �h�h)| =|(et − �het, �h − �h�h)|
≤ ch2(‖ut‖1 + ‖uht‖1)‖�‖1,

we have

|(et, � − �h�h)| ≤|(et, � − �h)| + |(et, �h − �h�h)|
≤ ch2(‖ut‖1 + ‖uht‖1)‖�‖2.

Thanks to (2.8) and (2.9), (4.32), and (6.5), we have

|b(e, u, � − �h�h)| ≤ c‖u‖2‖e‖1(‖� − �h‖0 + ‖�h − �h�h‖0)

≤ ch‖u‖2‖e‖1‖�‖1.

Similarly,

|b(u, e, � − �h�h)| ≤|b(u, e, � − �h)| + |b(u, e, �h − �h�h)|
≤ c‖u‖2‖e‖1(‖� − �h‖0 + ‖�h − �h�h‖0)

≤ ch‖u‖2‖e‖1‖�‖1.

By a triangle inequality, (2.8) and (2.9), (3.3), (4.7), (4.31), and (6.5), it
follows that

|b(e, e, �h�h)| ≤ |b(e, e, �h) + b(e, u, �h − �h�h) + b(e, uh, �h − �h�h)|
≤ c‖e‖2

1‖�‖1 + ch‖u‖2‖e‖1‖�‖1 + ch3/2‖uh‖1/2
0 ‖uh‖1/2

1 ‖e‖1‖�‖1

≤ c‖e‖2
1‖�‖1 + ch(‖u‖2 + ‖uh‖0)‖e‖1‖�‖1.

Also, the same approach as (5.9) shows that

A(u, �h�h) − a(u, �h) + D(�h�h, p) + d(�h, p)

= ( f − (u · ∇)u − ut, �h�h − �h)

≤ ch2
(
‖ f‖1 + ‖ut‖1 + ‖u‖1/2

0 ‖u‖3/2
2

)
‖�‖1.
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Then, using (3.3), (6.4), and (6.5), gives

|Bh((e, η); (� − �h, � − �h)) − G(η, �)|
= Bh((u − R̄h(u, p), p − Q̄h(u, p)); (� − �h, � − �h)) + G(η, �)

≤ ch2(‖u‖2 + ‖p‖1)(‖�‖2 + ‖�‖1) + ch‖η‖0‖�‖1.

The combination of these estimates with (A2), (6.4), (6.5), and (6.7), we
see that

‖e‖2
0 ≤ d

dt
(e, �) + c

{
h2

(
‖ut‖1 + ‖uht‖1 + ‖ f‖1 + ‖u‖1/2

0 ‖u‖3/2
2

)
‖�‖2

+ ‖e‖2
1‖�‖1 + h(‖u‖2 + ‖uh‖0)‖e‖1‖�‖1

+ h2(‖u‖2 + ‖p‖1)(‖�‖2 + ‖�‖1) + h‖η‖0‖�‖1

}

≤ d
dt

(e, �) + c
{

h2
(
‖ut‖1 + ‖uht‖1 + ‖ f‖1 + ‖u‖1/2

0 ‖u‖3/2
2

)
(‖�‖2 + ‖�‖1)

+ ‖e‖2
1‖�‖1 + h(‖�‖2 + ‖�‖1)(‖e‖1 + ‖η‖0)

}
. (6.8)

Integrating (6.8) from 0 to T yields
∫ T

0
‖e(s)‖2

0 ds

≤ c
{

h2

(∫ T

0

(
‖ut‖2

1 + ‖uht‖2
1 + ‖ f‖1 + ‖u‖1/2

0 ‖u‖3/2
2

)
ds

)1/2

×
(∫ T

0

(‖�‖2
2 + ‖�‖2

1

)
ds

)1/2

+ h
(∫ T

0

(‖e‖2
1 + ‖η‖2

0

)
ds

)1/2

×
(∫ T

0

(‖�‖2
2 + ‖�‖2

1

)
ds

)1/2

− (e(0), �(0))

+ sup
0≤t≤T

‖�(t)‖1

∫ T

0
‖e‖2

1 ds
}
. (6.9)

In addition, by the definition of the projection Rh and the initial approxima-
tion, we have

|(e(0), �(0))| = |(u0 − Phu0, �(0))| ≤ ch2(‖u0‖2 + ‖p0‖1)‖�(0)‖1. (6.10)

Combining (A2), (5.3) and (5.4), (5.12), (6.2), (6.9), and (6.10) completes the
proof of (6.3). 
�

Lemma 6.3 Under the assumptions of (A1)–(A2), it holds that, for t ∈ [0, T],
‖u(t) − uh(t)‖0 ≤ cτ−1/2(t)h2. (6.11)
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Proof Taking (vh, qh) = (e, 0) = (R̄h(u, p) − uh, 0) and setting E = u−
R̄h(u, p) in (5.7), we see that

1

2

d
dt

‖|e‖|20 + ν‖e‖2
1 + 2G(η, η) + b(u, u − uh, �he − e) + b(u − uh, u, �he − e)

− b(u − uh, u − uh, �he − e) + b(u, u − uh, e) + b(u − uh, u, e)

− b(u − uh, u − uh, e) = −(Et, �he) − A(E, �he) − D(�he, p − Q̄h(u, p)).

(6.12)

Clearly, using Lemmas 3.2 and the Young inequality, gives

|(Et, �he)| ≤‖Et‖0‖e‖0 ≤ ch2(‖ut‖2 + ‖pt‖1)‖e‖0

≤ ch4
(‖ut‖2

2 + ‖pt‖2
1

) + ‖e‖2
0.

Thanks to (2.8) and (2.9), we have

|b(u, u − uh, e) + b(u − uh, u, e)| ≤c‖u‖2‖e‖1‖u − uh‖0

≤ ν

10
‖e‖2

1 + c‖u‖2
2‖u − uh‖2

0,

|b(u − uh, u − uh, e)| ≤‖u − uh‖2
1‖e‖1

≤ ν

10
‖e‖2

1 + c‖u − uh‖4
1.

By (4.32), it follows that

|b(u, u − uh, �he − e) + b(u − uh, u, �he − e)| ≤ c‖u‖2‖u − uh‖1‖�he − e‖0

≤ ch2‖u‖2‖u − uh‖2
1 + ν

10
‖e‖2

1.

Obviously, we deduce from L∞ estimate in (2.3), the inverse inequality (3.3)
and Lemma 4.1 that

|b(u − uh, u − uh, �he − e)| ≤ ch‖u − uh‖0(‖u‖L∞ + ‖uh‖L∞)‖�he − e‖0

≤ ch1/2‖u − uh‖0(‖u‖2 + ‖uh‖1)‖e‖1

≤ ch‖u − uh‖2
0

(‖u‖2
2 + ‖uh‖2

1

) + ν

10
‖e‖2

1.

Also, it follows from the same approach as (5.9) and the Young inequality that

|A(E, �he) + D(�he, p − Q̄h(u, p))|
= |([ f − �h f ] − [(u · ∇)u − �h(u · ∇)u] − [ut − �hut], �he − e)|
≤ ch2

(
‖ f‖1 + ‖u‖1/2

0 ‖u‖3/2
2 + ‖ut‖1

)
‖e‖1

≤ ν

10
‖e‖2

1 + ch4
(‖ f‖2

1 + ‖u‖0‖u‖3
2 + ‖ut‖2

1

)
.
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Therefore, combining these estimates with (6.12) gives

d
dt

‖|e‖|20 + ν‖e‖2
1 + G(η, η)

≤ c
{

h4
(‖ut‖2

2 + ‖pt‖2
1 + ‖ f‖2

1 + ‖u‖0‖u‖3
2

) + ‖e‖2
0 + ‖u‖2

2‖u − uh‖2
0

+ ‖u − uh‖4
1 + h2‖u − uh‖2

1 + ‖u − uh‖0‖u − uh‖3
1

}
. (6.13)

Note that∫ T

0
‖e‖2

0 ds ≤
∫ T

0
‖u − uh‖2

0 ds +
∫ T

0
‖E‖2

0 ds

≤
∫ T

0
‖u − uh‖2

0 ds + ch4
∫ T

0

(‖u‖2
2 + ‖p‖2

1

)
ds ≤ ch4.

(6.14)

Multiplying (6.13) by τ(t), integrating from 0 to t, and using (6.13), (6.14), and
Lemmas 2.2 and 4.2, we obtain

τ(t)‖e(t)‖2
0 +

∫ t

0
τ(s)

(
ν‖e‖2

1 + G(η, η)
)

ds

≤ c
{∫ t

0
‖e‖2

0ds + h4
∫ t

0
τ(s)

(‖ut‖2
2 + ‖pt‖2

1

)
ds + ‖u‖2

2

∫ t

0
‖u − uh‖2

0ds

+
∫ t

0
‖u − uh‖4

1ds + h2
∫ t

0
‖u − uh‖2

1ds +
∫ t

0
‖u − uh‖0‖u − uh‖3

1ds
}

≤ ch4. (6.15)

Using Lemmas 2.2 and 3.2, we have

‖u(t) − R̄h(u(t), p(t))‖2
0 ≤ ch4

(‖u(t)‖2
2 + ‖p(t)‖2

1

) ≤ ch4, (6.16)

which, together with (6.15), yields (6.11). 
�

The next theorem follows from Lemmas 5.6 and 6.3.

Theorem 6.4 Under the assumptions of (A1)–(A2), it holds that, for t ∈ [0, T],
τ 1/2(t)‖u(t) − uh(t)‖0 + h(‖u(t) − uh(t)‖1 + τ 1/2(t)‖p(t) − ph(t)‖0) ≤ ch2.

(6.17)

7 Numerical experiments

Two examples are presented to check the stability and convergence proper-
ties of the stabilized finite volume method for the transient Navier–Stokes
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Fig. 3 Uniform and unstructured triangulations of � into triangles

equations over different types of meshes. Here the most robust backward
Euler scheme is applied to solve the transient Navier–Stokes equations in
order to test the efficiency of the present stabilized finite volume method: The
time variable is discretized by the common time difference scheme, and each of
these problems is then solved by the spatial discretization method as described
in Section 5.

Example I The exact solution is designed to test the finite volume method on
two kinds of uniform grids: a box grid and a criss-cross grid (see the first and
second grids in Fig. 3). We consider the transient Navier–Stokes equations on
� = (0, 1) × (0, 1), with the fluid viscosity ν = 0.01 and the body force f (x, t)
such that the true solution is

u(x, t) = (u1(x1, x2, t), u2(x1, x2, t)), p(x, t) = 10(2x1 − 1)(2x2 − 1) cos(t),

u1(x1, x2, t) = 10x2
1(x1 − 1)2x2(x2 − 1)(2x2 − 1) cos(t),

u2(x1, x2, t) = −10x1(x1 − 1)(2x1 − 1)x2
2(x2 − 1)2 cos(t).

Moreover, the initial value u0 = (u1(x, 0), u2(x, 0)) is set by the value of the
above exact solution u1(x, t) and u2(x, t) at t = 0 satisfying assumption (A2) on
the exact solution. The errors in the L2- and H1-norms for velocity and in the

Table 1 The results for the
finite volume method
(ν = 0.01 on uniform mesh-1)

1/h ‖u−uh‖0‖u‖0

‖u−uh‖1‖u‖1

‖p−ph‖0
‖p‖0

eh

10 0.354496 0.891072 0.0301807 0.00276376
20 0.0829056 0.333391 0.00762608 0.000386261
30 0.0356544 0.191583 0.00348278 0.000115246
40 0.0196911 0.130815 0.00201759 4.83689e-005
50 0.012454 0.0975029 0.00133284 2.45913e-005
60 0.00857769 0.0767381 0.000956569 1.41373e-005
70 0.00626485 0.0627375 0.000726293 8.85208e-006
80 0.004776 0.0527669 0.00057414 5.90172e-006
90 0.00376193 0.0453648 0.000467739 4.12822e-006
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Table 2 The results for the
finite volume method
(ν = 0.01 on uniform mesh-2)

1/h ‖u−uh‖0‖u‖0

‖u−uh‖1‖u‖1

‖p−ph‖0
‖p‖0

eh

10 0.270911 0.692647 0.0620917 0.00311491
20 0.0667608 0.285343 0.0135366 0.000488715
30 0.0291311 0.168417 0.00577026 0.000153989
40 0.0161934 0.116187 0.0032025 6.6697e-005
50 0.0102811 0.0872674 0.00204596 3.46346e-005
60 0.0070996 0.0691545 0.0014264 2.02176e-005
70 0.00519519 0.0568705 0.00105532 1.2806e-005
80 0.00396631 0.0480595 0.000815067 8.6147e-006
90 0.00312776 0.0414693 0.00065032 6.06916e-006

L2-norm for pressure are shown in Tables 1 and 2 and Fig. 4. The results show
that optimal order error estimates are obtained for the transient Navier–Stokes
equations approximated by the present finite volume method. In addition,
superconvergence results occur for the pressure in the L2-norm for both the
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Fig. 4 Comparison of rates for the finite volume method on the box and criss-cross grids
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IsoValue
-0.855252
-0.755563
-0.655875
-0.556186
-0.456497
-0.356808
-0.257119
-0.157431
-0.0577418
0.041947
0.141636
0.241325
0.341013
0.440702
0.540391
0.64008
0.739769
0.839457
0.939146
1.03884

IsoValue
-0.711237
-0.627684
-0.544132
-0.460579
-0.377026
-0.293473
-0.20992
-0.126368
-0.0428148
0.0407381
0.124291
0.207844
0.291397
0.374949
0.458502
0.542055
0.625608
0.709161
0.792713
0.876266

IsoValue
83085.8
83085.9
83086
83086
83086.1
83086.1
83086.2
83086.2
83086.3
83086.3
83086.4
83086.4
83086.5
83086.5
83086.6
83086.7
83086.7
83086.8
83086.8
83086.9

Fig. 5 Streamline pattern: finite element method, Taylor–Hood element

box grid and the criss-cross grid. Also, the stabilized term is computed, element
by element, by using

eh = max
K∈Kh

∣∣∣∣
∫

∂K
uh · n ds

∣∣∣∣ = max
K∈Kh

∣∣∣∣
∫

K
(divuh − divu)ds

∣∣∣∣ .
From Tables 1 and 2 and Fig. 4, there is superconvergence result on

the stabilized term. Along with the mesh scale h decrease, the error of the
stabilized term approaches zero. Thus, it seems that there is no negative effect
on the original model.

Example II Cavity flows have widely been used as test cases for validating
an incompressible fluid dynamics algorithm. It is well known that corner
singularities for two-dimensional fluid flows are very important because most
examples of physical interest have corners. In this example, we consider

IsoValue
-0.857622
-0.757811
-0.658001
-0.558191
-0.45838
-0.35857
-0.25876
-0.158949
-0.0591391
0.0406712
0.140482
0.240292
0.340102
0.439912
0.539723
0.639533
0.739343
0.839154
0.938964
1.03877

IsoValue
-0.919419
-0.811872
-0.704324
-0.596776
-0.489228
-0.38168
-0.274133
-0.166585
-0.059037
0.0485108
0.156059
0.263606
0.371154
0.478702
0.58625
0.693797
0.801345
0.908893
1.01644
1.12399

IsoValue
83085.7
83085.8
83085.8
83085.9
83086
83086
83086.1
83086.1
83086.2
83086.3
83086.3
83086.4
83086.4
83086.5
83086.6
83086.6
83086.7
83086.7
83086.8
83086.9

Fig. 6 Streamline pattern: stabilized finite element method, P1 − P1
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IsoValue
-0.847878
-0.748568
-0.649257
-0.549946
-0.450636
-0.351325
-0.252014
-0.152704
-0.0533931
0.0459175
0.145228
0.244539
0.34385
0.44316
0.542471
0.641782
0.741092
0.840403
0.939713
1.03902

IsoValue
-0.919378
-0.807122
-0.694866
-0.582609
-0.470353
-0.358097
-0.245841
-0.133585
-0.0213287
0.0909275
0.203184
0.31544
0.427696
0.539952
0.652208
0.764464
0.87672
0.988977
1.10123
1.21349

IsoValue
83085.6
83085.6
83085.7
83085.8
83085.8
83085.9
83086
83086.1
83086.1
83086.2
83086.3
83086.3
83086.4
83086.5
83086.5
83086.6
83086.7
83086.7
83086.8
83086.9

Fig. 7 Streamline pattern: stabilized finite volume method, P1 − P1

the driven flow in a rectangular cavity when the top surface moves with a
enough smooth velocity with u0 = (x2

1 + x2
2, 0) satisfying (A2) along its length.

Also, an unstructured grid is applied with three holes in the domain. Physical
phenomenon is more complicated around the holes.

In this case, we compute an approximate solution for ν = 0.001 on the
unstructured grid. The methods tested include the finite element method with
the P2 − P1 pair (the Taylor–Hood element), the stabilized finite element
method with the P1 − P1 pair (see the third section), and the present stabilized
finite volume method. The stable Taylor–Hood element performs the best
since it employs the higher order finite element pair for the velocity and
pressure. This finite element pair also has a superconvergence performance for
both velocity and pressure. Since we do not have an exact solution in this case,
we prefer to rank the accuracies of the finite element method approximated by
Taylor–Hood element as the “exact” solution. Figures 5, 6 and 7 with 10,304◦
of freedom shows that the results of two velocity components and pressure of
the present finite volume method is completely in good agreement with those
of finite element method with Taylor–Hood element and stabilized P1 − P1

element.
In conclusion, numerical results reported completely agree with the theoret-

ical results established in this paper.
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