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Abstract. In this paper we discuss the formulation of the governing equations that describe flow of
fluids in porous media. Various types of fluid flow, ranging from single-phase flow to compositional
flow, are considered. It is shown that al the differential equations governing these types of flow
can be effectively rewritten in a fractional flow formulation; i.e., in terms of a global pressure and
saturation (or saturations), and that mixed finite element methods can be accurately exploited to solve
the pressure equation. Numerical results are presented to see the performance of the mixed methods
for the flow equations in three space dimensions.
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1. Introduction

Multiphase flow of fluids in porous mediais physically and chemically complex.
It involves heterogeneities in the porous media at many different length scales and
complicated processes such as diffusion and dispersion. Numerical simulation of
these phenomena is a critical step in understanding multicomponent, multiphase
flow in porous media (see, e.g., [21] and the bibliography therein).

There are two critical factors that determine the choice of discretization tech-
niguesfor numerically solving the governing differential equations describing flow
of fluidsin porous media, the mathematical properties of the differential equations
and the geometry of the porous media [21]. It is well known that the transport
and diffusion/dispersion terms in the flow and transport equations are governed
by fluid velocities[13, 17, 21]. Thus accurate numerical simulation requires accu-
rate approximations for these velocities. Often the flow properties of the porous
mediachange abruptly with sharp changesin lithology. Also, the viscosity changes
rapidly in space across fluid interfaces. Consequently, the coefficient in the flow
equations is quite rough. In order for fluids to flow smoothly, pressures change
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extremely rapidly. Standard finite difference and finite element methods for solv-
ing these flow equations determine a pressure, and then avelocity by differencing
or differentiating the resulting pressure and multiplying it by the rough coefficient.
This approach generates a rough and inaccurate velocity which then reduces the
accuracy of numerical simulation of the fluid flow in porous media[21]. Also, the
geologic structure and topography of porous media can have a significant impact
on the flow. Finite volume methods with harmonic averaging of the coefficient,
which has been very popular in the numerical simulation of flow in porous media,
cannot accurately describe the geologic structure and topography.

Ontheother hand, mixed finite element methods have provento bevery powerful
in overcoming the difficulties mentioned above for the standard methods [17, 18].
They can effectively treat the problem of rapidly changing flow propertiesin porous
media, and produce accurate fluid velocities. Further, they conserve mass locally;
this property is very important in physics since the flow equations are based on
the mass balance law. Finally, the mixed methods can easily handle complicated
geometries.

The purpose of this paper is to discuss the applicability of the mixed finite
element methods to various types of flow in porous media. These methods have
been applied to the solution of the pressure equation in the problem of the single-
phase, miscible displacement of one fluid by another [17]. In this paper we show
how the mixed methods can be also used to numericaly solve two-phase flow,
three-phase flow, and compositional flow with mass interchange between phases.
We first prove that the governing equations in these types of flow can be written
in a fractional flow formulation; i.e., in terms of a global pressure and saturation
(or saturations). Then we show that the mixed methods can be applied to solve
the pressure equation in the same manner as for the single-phase flow. Finaly,
extensive numerical results are presented to illustrate the performance of the mixed
methods for the flow equations; special attention is paid to a comparison of the
mixed methodsusing different finite elements. Numerical simulation of three-phase
flow in aporous medium is also given. Discretization techniquesfor the solution of
the saturation and transport equations are not discussed here; the aim of this paper
isto discussthe applicability of the mixed methodsto the flow equations.

Therest of the paper is organized asfollows. We review the differential problem
describing single-phase flow in Section 2. Then, in Section 3 we consider the
problem of single-phase, miscible displacement of one (both incompressible and
compressible) fluid by another. In Sections 4, 5, and 6, respectively, we derive the
differential systemsthat govern two-phase, three-phase, and compositional flow in
aporous medium in aform which very closely resemblesthat for the single-phase
flow. Mixed finite element methods applied to solve the flow equationsin all these
cases are described in Section 7. Numerical results are presented in Section 8. A
concluding remark is given in Section 9. Finally, an appendix is provided with the
derivation of various differential equations.
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2. Single-Phase Flow

To motivate the later sections, in this section we describe the flow of a fluid in
a porous medium © C R3 with density p and pressure p. The usual equations
describing single-phase flow in 2 are well understood ([2, 24]):

@+V-(pa):pq, z€eQ, t>0, (2.1a)

k
u:—p(Vp—pg), zef, t>0, (2.1b)

where ¢ and k are the porosity and absolute permeability of the porous medium,
u 1S the volumetric velocity, u is the viscosity of the fluid, g is the gravitational,
downward-pointing, constant vector, and ¢ the source/sink term. We assume that
the density satisfies the equation of state

= = 2dp, (2.2)

where z isthe compressibility factor. Using (2.2), (2.1) becomes

%—FV-u'zpq, e, t>0, (2.39)
I k 2~
u :—Z(Vp—zp g), z€Q, t>0. (2.3b)

As mentioned in the introduction, the fluid velocity « (or the flux «') is of
importance in practical situations. Also, the tensor & can be discontinuous. Mixed
finite element methods (see the seventh section) can be applied to approximate
u (or w') and p (or p) simultaneously, via the coupled system of the first-order
differential equations in (2.3). This formulation allows the removal of singular
terms and accurately treats the problem of rapidly changing flow properties in
porous media, as described above. The use of the mixed methods instead of the
standard finite difference and finite element methods for the flow equations can be
more obviously seen in the next section where we treat the miscible displacement
of one fluid by another.

3. Miscible Displacement of One Fluid by Another

In this section we consider the single-phase, miscible displacement of onefluid by
another in a porous medium © c 3. We assume that no volume change results
from the mixing of the components. Let ¢; denote the (volumetric) concentration
of the ith component of the fluid mixture, i = 1,..., N, where IV is the number
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of components. Then, conservation of mass of the sth component in the mixture is
given by the expression

d(ppic;)
ot

+ V- (piciv) =V - (p;DV¢c;) = picig, z€Q,t>0, (3.1
where the Darcy velocity of the fluid is given again by Darcy’s flow
k .
u:—p(Vp—pg), z€Q, t>0, (3.2

¢; is the concentration of the ith component in the external flow, and D is the
diffusion-dispersion coefficient given by

D(u) = ¢{dn + |u|(diE(u) + dE*(u))},

where I is the 3 x 3 identity matrix, E(u) = {ujui/|u|?} is the 3 x 3 matrix
representing orthogonal projection along thevelocity vector and E+(u) = I—E(u)
its orthogonal complement, d,,, isthe molecular diffusion coefficient, and d; and d;
are, respectively, the longitudinal and transverse dispersion coefficients. The terms
¢; must be specified at points where injection (i.e., ¢ > 0) takes place, and ¢; is
assumed to be equal to ¢; at production points.

We assume that the density p; depends solely on the pressure p and takes the
equation of stateintheform (2.2); i.e.,

Wi idp, (33)

)

where z; is the compressibility factor for the ith component. Carrying out the
differentiation indicated in (3.1), and using (3.3) and the relations

N N
Y=Y =1 (3.4)
i=1 i=1
we obtain the equation for the pressure (see the Appendix)
Op
d(Cl,---,CN)a +V-u+ble,...,cn,u) - Vp =g,
€O, t>0, (3.9)

where

N
d(ca, ... en) = dzic, blct, ... en,u) = Y zi(ciu — DV¢y).
i=1 ,
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Note that the transport and the diffusion—dispersion termsin (3.1) are governed
by the velocity u; the mixed finite element methods solve Equations (3.2) and
(3.5) simultaneously to produce an accurate approximation for . The use of these
methods for the single-phase, miscible displacement of one incompressible fluid
by another wasfirst developed in [17]; then the approach was extended to the case
wherethe componentsare assumed to be slightly compressiblein [18]. We mention
that the concentration Equation (3.1) is dominated by the convection term and can
be solved, for example, by characteristic based methods[19].

4, Two-Phase Flow

The usual equations describing two-phase immiscible flow in a porous medium
Q c R3 are again given by the mass balance Equation and Darcy’s law for each of
the fluid phases:

I(Ppasa)

5t + V- (patia) = pada, =€, t>0, (4.19)

kkyq

[0}

(Vpa - pocg)a T e Qa > 07 (41b)

Uq = —

where o = w denotes the wetting phase (e.g. water), o = n indicates the nonwet-
ting phase (e.g. oil or air), pa, Sa» Pa» Ua, aNd e are, respectively, the density,
(reduced) saturation, pressure, volumetric velocity, and viscosity of the a-phase,
do 1S the source/sink term, and k., is the relative permeability of the a-phase. In
addition to (4.1), we also have the customary property for the saturations

Sw+ s, =L (4.2
The capillary pressure function is defined by

pc(sw) = Pn — Pw- (43)
For expositional convenience, we introduce the phase mobility functions

Aa = krapa/ta; @ =w,n,
and the total mobility

A=Ay + A\

Finally, we define the fractional flow functions

fa:)‘a/>¥ o =w,n.
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While the equationsin (4.1) formally seem very different from those presented
in (3.1), (3.2), and (3.5) in the last section, they can be rearranged in aform which
quite closely resembles them. To this end, define the global pressure ([1, 5, 13])

1[5 A — Ao dpe
2 X de

p=3pn+pw) + 3

where s = s,, and s, issuch that p.(s.) = 0. That is, by (4.3),
De(s) 1
p=pa— [ fulep O (@4
Also, introduce the weighted total velocity (i.e., the total flux)

U = Puly + Prln. (4.5)

Then it follows from (4.2)—(4.5) that the equations in (4.1) can be written as
follows (see the Appendix)

0
§(¢(pwsw + pusn)) + V- u = puqu + pngn, T E€Q, t>0, (4.6a)

u=—kXNw(p,s)Vp—=G),), z€Q, t>0, (4.6b)
and
o (9puse) + V- (Futs + BAfufni(pw — pu)) + ¥+ (FAfufaVpe)
= pwGw, TEQ, t>0, 4.7
where
w(p,s) =1+ / WP MO A, G = (fupw + Fapa)d

Equations(4.6) and (4.7) arethe pressure and saturation equations, respectively.
Further, it can be seen that the phase velocity isrelated to the total velocity by

Uy = p;l(fwu + kAfwfn(Vpc + g(pw - pn)))a (4.8&)
Up = p;l(fnu - kAfwfn(Vpc + g(pw - Pn))) (4-8b)

Now we see that the pressure equations in (4.6) have the same form as those in
(3.2) and (3.5), and that the saturation equation (4.7) has the same property as the
concentration equation (3.1). Thus, the mixed methods can be used to solve (4.6)
for w and p simultaneoudly, and Equation (4.7) can be dealt with by any methods
suitable for convection-dominated problems.
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We end this section with two remarks. First, instead of the total flux in (4.5), we
couldjust usethetotal velocity v = u,, + u,, and deriveasimilar set of differential
equations[10, 11, 13]. However, evidently it follows from (4.5) that the total flux
behaves more smoothly. Second, we present a physical explanation for the global
pressure p. It follows from (4.3) and (4.4) (also see the Appendix) that

Aw(p, $)Vp = Ay Vpw + A V.

Thisimplies that the global pressureisthe pressure that would produce aflow of a
fluid (with mobility A\w) equal to the sum of the flows of fluids w and n.

5. Three-Phase Flow

We now extend the approach used for the two-phase flow to the flow of three
immiscible fluids in a porous medium © C R3. The mass balance equation and
Darcy’slaw for each of the fluid phases are expressed by

0
% + V- (patia) = pada; = €Q, t>0, (5.14)
kkyq -
Uy = — . (Vpa — pag), €8, t>0, (5.1b)
«

wherea = w, o, and g denote water, oil, and gas phases, respectively, for example.
In addition, we also have

> sa=1, (5.2)

where (and later) X, = Xa—uw,0,4 and define, for notational convenience, the
capillary pressure functions

pcao(swasg) =Pa — Po, C=w,o0,g, (53)

where p.,, = 0, pego represents the gas phase capillary pressure, and pcy,, is the
negativewater phase capillary pressure. The phase and total mobility and fractional
flow functions are defined in the same way as before; i.e.,

A
)\oc:krocp_aa A:ZAOM fa:_aa a=w,o0,g-
[ha o A

The case of three-phase flow is quite different from the case of two-phase flow.
The three-phase relative permeability and capillary pressure curves are far more
complex than the corresponding two-phase curves. It is the complexity of these
three-phase curvesthat complicatesthe derivation of the global pressure-saturation
form for this case. In the two-phase flow, the governing equations can be written in
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terms of aglobal pressure and saturation without any hypothesis, as seenin the last
section. However, in the three-phase flow we need acondition on the shape of three-
phaserelative permeability and capillary pressure curves, whichisin fact necessary
and sufficient for the governing equationsto be written in terms of aglobal pressure
and two saturations. While this condition is not satisfied for all the existing three-
phase curves, it has been shown [12] that it is satisfied for some simplified models
[15, 16]. Also, asimple numerical procedure for constructing three-phase relative
permeability and capillary pressure curves satisfying this condition has been given
in [5], some of the numerical examples have been compared with the classical
Stone’s model [27], which does not satisfy this condition, and similar results have
been obtained.

We assume that the fractiona flow functions f,, depend on the saturations s,
and s, and a pressure p (some as yet unspecified pressure), and that there exists a
function p.(sw, s¢,p) satisfying

Ve = fuVPewo + ngpcgo + %—%Vp. (5-4)
The assumption on the dependence on the pressure p means that we ignore the
error caused by calculating the density and viscosity functions for the a-phase at
p instead of p,,. For details on this error, the reader is referred to [13] for asimilar
treatment for the two-phase flow. It follows [5, 12] that a necessary and sufficient
condition for existence of afunction p, satisfying (5.4) is

%apcwo + %&cho _ afw 0P cwo + 8fg apcgo
Dsg O3y Dsg Osy Dsy 0Osg sy 0sg

where p is treated as a parameter. Under the condition (5.5), the function p, is
described by

(5.5)

pc(5w7sg7p)
Sw 0 cwo 9 cgo
= [{rconFEe o+ s onTeE o) et
b [0 R €9 22 (50,€) Ty ) 22 s, €)
0 w Sw, Gy P 889 w g\Sw, Sy P 859 w .
(5.6)
We now define the global pressure by
P = Po + Pe, (57)

and the total flux by
u = Zpaua. (5.8
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Then, using (5.2)—«5.8), the equationsin (5.1) can be rewritten as follows (see the
Appendix)

8(¢pa304)
Za: T +V-u= za: Pafa; (5.99)
u=—kXAwVp — G)), (5.9b)
and
8(¢Po¢3a) -1 718170 }
ot +V {w fat + kA (V(Pe — Peao) — 0a) — w op G
= pada, «=w,g, (5.10)
where
Ope _
W(Sw,Sg,p) =1- (9])7 G/\:ngapav

and

0o = (fB(PB — Pa) +f'y(P'y _Pa)) g
a7677:w707g7 a#ﬁ’ /B#’Y’ ,Y#a'

The phase velocity is computed by

Uy = Pal {w 1fau + EXa(V(Pe = Peao) — 0a) —w 13_1;) /\} ’ (5.11)
a=w,o,4.

The pressure and saturation equationsin (5.9) and (5.10) look like thosein (4.6)
and (4.7), respectively, for the two-phase flow. Thus the approximate methods
mentioned earlier can be used to solve Equations (5.9) and (5.10).

Condition (5.5) is referred to as the total differential condition [5, 12]. If we
had not assumed this condition, the coupling between the pressure and saturation
equations would be much stronger [12]. For other formulations of the governing
equationsfor three-phasefluid flow in a porous medium without this condition, the
reader isreferred to [12]. The beauty of the global pressure-saturation form is that
the three-phasedifferential system derived viait resemblesthat for the single-phase
flow. Hence, thisform isfar more efficient than the original phase formulation from
the computational point of view. Finally, it can be seen by (5.3) and (5.4) (also see
the Appendix) that Aw(sy, s¢,2) VD = 34 Aa Ve

Again, asin the case of two-phase flow, the global pressure is the pressure that
would produce a flow of afluid (with mobility Aw) equal to the sum of the flows
of the three fluids w, o, and g.
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6. Compositional Flow

In this section we consider multiphase flow with mass interchange between phases
in a porous medium. We consider the general case where there are N chemical
species, or components, each of which may exist in any or al of the three phases:
water, oil, and gas. L et ¢;, bethe massfraction of theith component in the a-phase,
i=1,...,N. The mass of each phaseis not conserved because of the possibility
of transfer of various components between the phases. Instead, the mass balance
equation for the transport of each component can be written as follows:

0
&((ﬁciapasa) +V- (Ciapaua) + V- Jia
= lio T Gias izlaza"'aNa a=w,o,4g, (61)

subject to the following constraints
N N
Zciazla ZJiOézoa a=w,o,(g,

> sa=1, Y Li,=0, i=12...,N,
(6] «

where J;, represents the diffusive unit flux of the sth component in the a-phase,
I;,, istheinterphase exchangeterm, and ¢;,, isthe source/sink term. The Darcy law
is repeated by

_ kkra

[t

Uq = (vPa - Pag)v a=w,o0,4g. (62)

Flow equations can be derived by adding (6.1) over species and using the above
constraints

I(Ppasa)

ot + V- (patia) = Lo + qa, (6.3)

where

N N
I, = Zfion Ga = qu-
i=1 i=1

Now we see that the flow equations (6.2) and (6.3) are the same as those in (5.1)
for the three-phase immiscible flow. Hence the same fractional flow approach can
be adapted here.

We remark that the diffusive unit flux J;,, is defined by [9]

Jia:_paDiavciav ’i:17...,N, o =w,o,4g,
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where D, isthe diffusion coefficient of the sth component in the a-phase, and the
interphase mass exchange term for the exchange of mass from the -phase to the
a-phaseis given by

I :panﬂa(ﬁia_cia)v a4 =w,o,(g, 0175,6,
where k3, is the mass transfer rate between the « and 8 phases and ¢;, is the
equilibrium value of the massfraction of the sth component in the a-phase. Finaly,
the capillary pressure functions are defined asin (5.3).
7. Mixed Finite Element Methods
From the discussion in the last five sections we see that the (global) pressure
equation can be written in the general form

c%—{—v-u:q, (x,t) € Q x J, (7.19)

u=—a(Vp—0>), (z,t)€QxJ, (7.1b)

where a(z,t) is auniformly positive definite, bounded, symmetric tensor, b(z, t)
is a bounded vector, ¢(z,t) > 0isabounded function, and J = (0,7 (' > Q) is
thetime interval of interest. Let 92 = I'1 U T, withI'y N> = (. We consider the
boundary conditions

b=—-g, (:E,t) €l x J7 (72&)
u-v=ep, (z,t)€laxJ, (7.2b)

where v is the outer unit normal to €2, and ¢(x, t), g(z,t), and (z,t) are given
functions. Finally, theinitial condition is given by

p(z,0) =p°(z), ze€Q. (7.3)
Problem (7.1)—(7.3) isrecast in mixed form as follows. Let

L3(Q) = {w: /Q|w(:1c)|2da; < oo} ,

H(div; Q) = {v € (L?(Q)%: V-v € L?(Q)},
W = 1%(2),

VT ={ve H(div;Q) :v-v=m on oIz},

where 7(x) isafunction defined on I'». Then the mixed form of (7.1) and (7.2) for
apair of maps (u,p): J — V¥ x Wis

<c%,w> + (V- u,w) = (q,w), YweW, (7.48)
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(@ tu,v) — (p, V- v) = (b,v) + (g,v - V)ry, Yo €V, (7.4b)

where (-,-) is the L?(Q) or (L?(£2))® inner product, as appropriate, and (-, -)r,
denotes the duality paring between H/2(I'y) and H—/?(I';). (7.4d) is obtained
from (7.1a), and (7.4b) from (7.1b) and (7.2a) by integration by parts. This system
has a unique solution [4].

To define afinite element method, we need a partition &, of € into elements
E, say, smplexes, rectangular parallelepipeds, and/or prisms, where only faces on
082 may be curved. In &;,, we also need that adjacent elements completely share
their common face. Finally, each exterior face hasimposed on it either Dirichlet or
Neumann conditions, but not both.

Let V;" x W), C V™ x W denote some standard mixed finite element space for
second-order elliptic problems defined over &, (see[4]). The mixed finite element
solution of (7.4) is (up,pr): J — V,¥ x W), satisfying

0
(C%aw> + (V . 'U/haw) = (q,U)), Yw € Wha (75a)
(0 u,0) = (s V- 0) = (b,0) + (9,0 W)y, Vo € V2 (750)

The approximate initial datum is given by
ph(I,O) = pg(fﬂ), T € Q? (76)

where p? is an appropriate approximation in W, of p°. The system in (7.5) and
(7.6) again has a unique solution.

The linear system arising from (7.5) is a saddle point problem [4], which can
be expensive to solve. One of useful numerical methods for solving this saddle
point problem is the inexact Uzawa algorithm (see, e.g., [3, 20]). A more efficient
approach was suggested by means of a nonmixed formulation. Namely, it has
been shown that mixed finite element methods are equivalent to a modification of
nonconforming Galerkin methods (see the referencesin [8]). The nonconforming
methodsyield asymmetric and positive definite problem, which can be more easily
solved. Finally, when V}, x W}, is the Raviart—Thomas—Nedel ec space [25, 23] of
lowest-order over rectangular parallelepipeds, it can be shown that thelinear system
arising from the mixed formulation can be written as a system generated by a cell-
centered finite difference scheme by use of certain quadrature rules[6, 14, 26]. In
the nonlinear case where the coefficients a, b, and ¢ depend on the solution p itself,
the mixed finite element methods can be defined similarly [7].

8. Numerical Results

In this section we report the results of numerical examplesto see the performance
of the mixed methods for the flow equations using different finite elementsin the
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Tablel. Convergence of py, and uy, in Example 1.

1/h  L*-errorof p L*°-order of p L -error of u L®°-order of u

10 0.20217E +00 — 0.50276E + 00 —
20 0.10377E + 00 0.96 0.26603E + 00 0.92
40 0.51701E — 01 1.01 0.14094E + 00 0.92

three-dimensional case. We do some benchmark calculations for atypical second-
order problem. Namely, we consider the Laplace equation on the unit cube

—Ap=gq, zeQ=(0,1)3 (8.1a)
p=—g, ze€ly, (8.1b)
dp/ov =, x €Ty (8.1¢)

The application of these methods to practical problems of flow in porous media
will be reported in aforthcoming paper.

EXAMPLE 1. In thefirst example the data are chosen as follows

q = 3r?sin(rz) sin(my) sin(rz),
Mi={z=0U{r=1}uU{y=0U{y=1}
I'y={z=0tU{z =1},

g=-1 ¢ = —msin(mz) sin(ry).

The exact solution of (8.1) isthen
p(z,y,2z) =1+ sin(rz) sin(ry) Sin(rz).

Uniform partitions of 2 into simplexes are taken, and the lowest-order Raviart—
Thomas—-Nedelec mixed space[25, 23] over smplexesisused. In Tablel, theerrors
and convergence orders in the L°>°(€2)-norm for the solution p and its gradient
u = —Vp are shown. From the results in this table, we see that the mixed method
isfirst-order accurate for both the solution and its gradient; i.e., optimal order.

EXAMPLE 2. Inthisexamplethe same set of dataischosenasin Example1; but the
Raviart—-Thomas-Nedelec mixed space [25, 23] of lowest-order over rectangular
parallel epipedsisapplied here. Thenumerical resultsarepresentedin Tablell. From
thistable, wefind that the convergence ordersfor both the solution and its gradient
are ailmost second-order accurate. Thisimplies that we have superconvergence for
both variables, and agrees with theoretical results[22, 28].
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TableIl. Convergence of p;, and uy in Example 2.

1/h  L*-errorof p L*°-order of p L -error of u L®°-order of u

10 0.27371F - 01 — 0.56533F — 01 —
20 0.72552F — 02 1.92 0.14669FE — 01 1.95
40 0.18757E — 02 1.95 0.37151E — 02 1.98

Tablelll. Convergence of py, and uy, in Example 3.

1/h  L*-errorof p L*°-order of p L -error of u L°°-order of u

10 0.38712E — 02 — 0.98421F — 02 —
20 0.19800FE — 02 0.97 0.51799E — 02 0.93
40 0.98322E — 03 1.00 0.27001E — 02 0.94

EXAMPLE 3. We aso did alot of numerical experiments for time-dependent
problems. Similar results to those in Examples 1 and 2 are obtained. As example,
in this example we consider the model problem

%_Ap:q, zeQ=(0,1)0° t>0, (8.29)
p=0, €0 t>0 (8.2b)

where the right-hand side function is determined by
¢ =z(1-z)y(l-y)z(1-2)x

SERLEED <x<1l—x) * y(ll—y) " z(ll—z>>}'

Theinitial datum is determined by the following true solution at ¢ = O:

p(@,y,2) = (1+1)z(1 —2)y(l - y)z(1 - 2).

The same partitions and space as in Example 1 are used here, and the backward
Euler discretization scheme for the time differentiation term is used. Thetime step
istaken to be proportional to the spacestep At = Kh whereh = Az = Ay = Az
and /C is the proportionality constant. The numerical resultsat ¢t = 1 are displayed
in Table I11. They coincide with the theoretical results O(At + h).

9. Concluding Remark

We have shown that the governing differential equations describing multiphase
flow of fluidsin a porous medium can be written in afractional flow formulation;
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i.e., in terms of a global pressure and saturation (or saturations), and that the
mixed finite element methods can be accurately and efficiently applied to solvethe
pressure equation. The numerical experiments carried out in this paper agree with
theoretical results. The fractional flow formulation for the two-phase flow can be
derived without any hypothesis. The weakness of the global formulation for the
three-phase flow is the need of the satisfaction of the total differential condition
by the three-phase relative permeability and capillary pressure curves. The global
formulation offers the potential for significant improvements in the efficiency of
numerical schemes.

Appendix

In this Appendix we provide the derivation of Equations (3.5), (4.6)—<4.8), and
(5.9-(5.12).

A.1l. DERIVATION OF (3.5)

Carry out the differentiation indicated in (3.1) and divide the resulting equation by
pi to seethat

1 0p; 0
p —i—(bﬁ—i-clv u+—u Vi
pi Ot Pi

pei—
1 -
+u-Ve; — ;(DVci) -Vp;i — V- (DV¢) = ¢gq.

Consequently, by (3.3), we have

0 0
qbclzzap (bﬁ—i- iV - u+ ziciu - Vp+

+u - Vci — zl(DVcZ) . Vp -V (DVQ) = Eiq.

Now, by (3.4), we obtain

N
Oop
Z(ﬁzlcla +V. u—i—ZzZ (ciju — DV¢;) - Vp =gq,
i=1 i=1
since
ge; & N
Z =Y Ve =>» V- (DVeg)=0.
i=1 i=1

This shows (3.5).
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A.2. DERIVATION OF (4.6)—<4.8)

First, (4.6a) is obtained directly by adding (4.1a) over .. Next, it follows from (4.4)
that

pc(s) 1
Vp = Vpn — ful@, 5)Vpe — /0 Vo, p; 1(€)) A

so that,

Pe(s) 1
Vpn = Vp+ fuVpe + /o Ve fw(z,p.~(£)) dE.

This, together with (4.3), yields that

Pe(s)
Vpy :Vp_anpc+/() fow(:p,pc_l(f))df
Thus, by (4.1b), we have

Pw Uy

6(5)
. (Vp - fuVpet [ Yl p H(6)) o — pw§)7 A1)
and

PnUn

6(5)
:—mn(w+fwwc+ I vxfw(x,pcl(o)df—png). (A2)

Now, apply (4.5) to have

c(s)
u=—kA\ (Vp + /Op fow(fE,PZl(ﬁ)) & — (fwpw + fnpn)g>7 (A.3)

which implies (4.6b) by the definition of w(p, s). Also, substitute the expression of
win (A.3) into (A.1) to find that

Pwiw = fuwtt + EXfuwfo(VDe + §(pw — pn)),
whichimplies(4.8a), and, together with (4.1a) with « = w, (4.7). Finally, substitute
win (A.3) into (A.2) to obtain (4.8b).
A.3. DERIVATION OF (5.9)—«(5.11)

Again, (5.99) is obtained directly by adding (5.1a) over «. Also, by (5.7), we
observe that

Vpo, = Vp—Vp,,
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so that, by (5.3)

Vpa = Vp —Vpe+ Vpeao, a=w,o,g.

Hence, by (5.1b), we see that

Palleq = _kAa(vp - Vpc + vpcao - pag)- (A4)

Now, applying (5.8) and (5.4), we get

u = —k Z )\a(Vp — Vpc + vpcao - pag)

- k3 ({1_ ‘Z;}vp—pag), (A5)

which yields (5.9b). Next, insert the expression of « into (A.4) to have (5.11).
Finaly, utilize (5.1b) with « = w and ¢, (A.4) and (A.5) to prove (5.10).
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